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Introduction 



The notion of independent random variables is central in probability theory and 
has many applications in analysis. Independence is also a fundamental concept in 
, quantum probability, where it can occur in many different forms. In terms of norm 

^ ' estimates for sums of independent variables, free probability often plays the role 

, of the best of all worlds. This is particularly true for applications in the theory 

of operator spaces. We refer to the so-called Grothendieck's program for operator 
spaces [3 1331 m] and also to the noncommutativc Lp embedding theory [TTJ [TH [TS] 
due to the authors. On the other hand, other notions of independence weaker 
than freeness are often enough in the context of noncommutativc Khintchine or 
Rosenthal type inequalities [T2j [21] [24] . A first motivation for this paper was to 
, remove a singularity at p = 1 for the classical Rosenthal's inequality [39] and its 

noncommutative form [501 [H] j which is also related to the recent work by Haagerup 
and Musat [S] on a direct proof of Khintchine inequalities for the generators of the 
CAR algebras. This easily follows from our main result in this paper, a general 
transference method which allows us to compare the norm of sums of independent 
copies with the norm of sums of freely independent copies. 

Let us illustrate our transference method. If is a von Neumann algebra, let 
At®" be the n-fold tensor product and Tr^ens : At — > AI**" the canonical k-th 
coordinate homomorphism. It is standard to extend TT^^ns ■ Lp[M) -> Lp(A{®") 
for 1 < p < oo, see e.g. |20| . Similarly, we have /c-th coordinate homomorphisms 
7rjj,gg : Al (A^,0)*" for free products. Our first result implies that 

^ n n n 

(^P) ~ II E ""tensix) < II V TTfreeix) < || V 7rf,„, (x) 

^ k=l ^ k=l ^ k=l 

for X G Lp{M) and n > 1, with uniformly bounded constants when p is close to 1. 
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In the following we will write a b when ^ < a/b < c. We also need an 
operator-valued version of ( jr^ for further applications to the theory of operator 
spaces. This requires the notion of independence over a given subalgebra. Let us 
formally introduce the notion of 'independent copies' that we will work with. Given 
a noncommutative probability space (A, (p) equipped with a normal faithful state 
(p, a von Neumann subalgebra of A is called conditioned if it is invariant under the 
action of the modular group af. By Takesaki [40], this holds if and only if there 
is a cp-invariant normal faithful conditional expectation. Let Af be conditioned in 
A with faithful conditional expectation E_\f : A — > Af. Let us consider two von 
Neumann subalgebras Mi,M2 of A satisfying A/" C A^i n A^2- Then, Mi and M2 
are called independent over Af if 

EAA(aia2) = E^f{al)E^r{a2) 

holds for all ai S Aii and 02 € ■^2- Now, if {A4k)k>i are conditioned subalgebras 
of A with A/" C Aik C A, we shall say that the system {A4k)k>i is increasingly 
independent if 

a) (All, A^2, • • ■ , Alfe-i) and Mk are independent over A/". 

We also need a technical notion. Given a von Neumann algebra M containing Af 
and a family of ^-isomorphisms iTk : Ai ^ Aik with Af C A4k C A, we say that 
iA4k)k>i is a system of top- sub symmetric copies of A4 over Af if 

b) TTfei^ = id and 

EA/-(7r/(i)(xi) • • •7rj(„)(xm)) = EA/-(7rg(i) (.ti) • • • 7rg(„,) (x^)) 
holds for all f,g : {1,2,..., m} — )• N satisfying 

* f\{l,2:...,m}\A ~ ff|{l,2,...,m}\A ' 

• 1^1 < 2 and A = {k \ f{k) = max/} = {k \g{k) = maxg}. 

Of course, when no subalgebra Af is specified, we shall work with Af = (1^) and 
Eyy/ = if. Using the assumptions of conditioned subalgebras allows us to provide Lp 
generalizations of the conditional expectation and the isomorphisms tt^., see |20| 
for details. Intuitively speaking, condition b) means that we are allowed to exchange 
the top element in the range of / by the top element in the range of g, but only if the 
top element does not occur more than once or twice. Top-subsymmetry is exactly 
the technical assumption which makes the argument in |12| work. Nevertheless, as 
in |12] . we can consider two alternative stronger conditions: 

b2) Subsymmetry: g{k) ~ (p o f{k) for any strictly increasing 1^9 : N — > N. 

b3) Symmetry: g{k) = cr o /(fc) for any permutation a of the positive integers. 

It is clear that the implications below hold 

Symmetry Subsymmetry Top-subsymmetry. 
Example 1. Tensor product copies. Let 

(Atens,M,MtensM:^M) = (AA®7^®" , AA®7^, ^L. (-^ ) , AA; *d ® ) 
where ri G N U {00} and the homomorphisms 7r^g„^ are given by 

: n(E)xeMi-^n(E)lTz<E)...(E) Itj ®,^«il7j «>...«) 1^ e Mt^^^. 

k-th 

The TWj^ens's form an independent symmetric system of copies of M over A/". 
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Example 2. Freely independent eopies. Consider 

the reduced A/"- amalgamated free product of {M,£^f) with £j\f : M ^ Af a normal 
faithful conditional expectation, see e.g. [TH] for details on the construction of 
reduced amalgamated free product von Neumann algebras. The isomorphism ttj^.^^ 
is the canonical embedding into the fc-th component of the free product A free- The 
Jagg's form an independent symmetric system of copies of Ai over Af. 

Our notion of noncommutative independent copies is quite general. We refer to 
[21] for more examples which arise naturally in quantum probability. The first form 
of our transference principle is the following. 

Theorem A. Let 1 <p <2 and let {A4k)k>i be an increasingly independent family 
of top-suhsymmetric copies of A4 over Af . Then, there exists a positive constant c 
independent of p and n such that 



E||^£fc^fc(.T) 



n 



cmY,£k^)ree{x) 



If in addition the AAk 's are symmetric, then 

n 

II 5:^ 

k=l " '' " k=l 

The second form of transference is stated below. 



TTkix) II y^.T^'freei^) 



Theorem B. Let 1 < p < q < oo and let {AA.k)k>i be an increasingly independent 
family of top-subsymmetric copies of A4 over Af. Then, there exists a positive 
constant c independent of p,q and n such that 



k=l -py-^-q, f.^^ 



We know from [T^ that Theorem A holds for p = 1. The strategy consists 
of applying our technique [151 E] to provide a complete embedding Lp Li 
which preserves independence. This is done in Section [T] and the rest of the paper 
will be essentially devoted to the proof of Theorem B, which is similar in nature 
but requires to adapt all the methods in [T^ [121 HSj- As for Theorem A, our 
strategy is to prove the result in the extremal case {p,q) = (l,oo) and show that 
the general statement reduces to it. The extremal case is a consequence of Theorem 
13. 7[ where we characterize the norm in Li{A; l^oiT^)) of increasingly independent 
top subsymmetric copies for any finite dimensional von Neumann algebra TZ. The 
reduction argument is divided in two cb-embeddings 

LM-J"^) ^ LpiA-JT) ^ l[^^^L,{MsiAr-^;i^^"^-), 

both preserving independence. Note that this map takes values in an ultraproduct 
of spaces of the form Li{A';£2o{T^))y so that we are in position to apply Theorem 
13.71 The second embedding might be of independent interest and will be proved 
in Theorem 14.41 while the first embedding is the content of Theorem 15.31 In both 
Theorems A and B, the main new difficulty relies on keeping track of independence 
in the construction of the embedding. 
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The drawback is that Theorems A and B only hold for independent copies. This 
restriction goes back to [12]. Any progress in the non identically distributed case 
would be very desirable and thus we propose the following problem: 

Problem 1. Do the scalar and mixed-norm transference hold for non i.d. variables? 

Now we may revisit the singularity of certain constants mentioned above. Given 
2 < p < oo, a probability space (D,, fi) and /i, /2, . . . G Lp{il) a family of mean-zero 
independent random variables, Rosenthal's classical inequality gives 



fc=i fe=i 



(Sp) (/ lEM'^^)'-^. max (EllMI^)',(Ell/' 

As a byproduct, we obtain for 1 < q < p < 00 

p n 

(s.,) (/ (EiM')'^/^ 



fc|l2 




with the /fc's not necessarily mean-zero. Indeed, the case q = 2 easily follows 
from Khintchine and Rosenthal inequalities, while the general case follows from 
an immediate renormalization argument. Notice that in both cases we end up 
with the norm of an intersection of Banach spaces, whose dual is the sum of the 
corresponding dual spaces. This simple observation produces dual inequalities for 
1 < p < 2 and l<p<g<ooas follows 



k=l k=l 



It is worth mentioning that the martingale version of Rosenthal inequality [2] was 
extended to 1 < p < 2 from |20| and weak type estimates for p = 1 were unknown 
until |25) . On the other hand, we know from [9] that the best constant Cp in 



Rosenthal's inequality behaves like p/logp. In particular, we find for (Spl and 



( Tipq I a non-removable singularity at 00 which is carried over to 1 by our duality 
argument. The problem is to decide whether this singularity is removable — as it 
happens for the Khintchine inequality — or not, either in the classical or in the 
quantum setting. 

A direct argument to remove it not involving duality seems out of reach by 
now. Note that precise decompositions fk = (pk + have only been studied in 
PSI [33] for martingales. However, free random variables are fortunately at our 



disposal and we know from [TBI (HI that the free forms of ( Ep I and ( Epg I do not 
have a singularity at 00 and duality solves in that case our problem. The validity 
of Khintchine and Rosenthal type inequalities in the extremal case p = 00 \s & 
stamp of free probability, see [26l [38] for related results. Our transference method 
in Theorems A and B solves our problem for identically distributed variables. It 
is also worth mentioning that the argument requires freeness even in the classical 
case with commutative /^'s! 



Problem 2. Arc the dual forms of (Sp I and (Spg ) singular for non i.d. variables? 
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Let US comment some further applications of transference. We recall Hiai's 
construction [8] of the g-deformed analogue of Shlyakhtenko's generalized circular 
variables. Consider a complex Hilbert space Ji equipped with a distinguished unit 
vector f2 and denote by J-qiH) the associated g-Fock space. If q = ±1. wc find the 
well-known Bosonic and Fermionic Fock spaces equipped with the symmetric and 
antisymmetric structures. When — 1 < q < 1 wc follow [1] and equip it with the 
q-inncr product induced by 

(/l (g) • • • ® /„, .91 «>■■■«) ffm)^ ^Snm q'^'^Hh, 3,r(l)) ■ • • (/n, g^{n)) ■ 

Let £q{e) and i*{e) stand for the creation and annihilation operators associated to 
a vector e € Ji, see [1] for precise definitions. Assume H is infinite dimensional and 
separable, so that we can fix an orthonormal basis {e±k)k>i- Given two sequences 
(Afc)fc>i and {^ik)k>i of positive numbers, set 

1 

gqk = Xk^qiek) + fJ-ki*q{e-k) and gqk^p = dl^^gqkdf^ . 

The von Neumann algebra generated by the gqkS in the GNS-construction with 
respect to the vacuum state 4'q{-) = {fl,-iV)q will be denoted by Tq and represent the 
g-deformed analogue of the corresponding Araki- Woods factor in the antisymmetric 
case. Here denotes the density of <j>q. 

Corollary Al. Let Ai be a von Neumann algebra and 1 < p < 2. Let us consider 
a finite sequence xi, X2, ■ ■ ■ , Xn "in Lp{A4). Then, the following equivalences hold 
for any ~l < q < 1 up to a constant c independent of p, q and n 



^ Xfe (g) gqk^p 



Xk=ak+bk II V ^ — 'k 



The weighted Khintchine type inequalities considered above were already proved 
in [121 mi 112 • The novelty of our result relies on the nonsingularity of the constants 
involved. To be more precise, we explain this point with a series of remarks: 

a) In the Fermionic case. Corollary Al solves a question by Xu in More 
concretely, Xu proved the weighted Fermionic Khintchine inequality for 
1 < p < c» with singularities at 1 and oo. The singularity at oo is already 
predicted by the classical Khintchine inequality. However, the first-named 
author proved in |12j the same inequality for p = 1 applying a central limit 
procedure to a Rosenthal type inequality for independent copies in Li. This 
motivated Xu to ask whether the singularity at 1 was removable. 

b) On the other hand, Haagerup and Musat recently used in [B] another new 
argument to prove the weighted Fermionic Khintchine inequality. Their 
method is not only simpler than the one in |12] . but they also managed to 
improve the constant up to V2. Unfortunately, their concrete approach in 
Li seems not to work for p > 1 and our proof uses instead the scalar- valued 
version of our transference method in Theorem A, together with a central 
limit procedure as in |12j . 
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c) In [IS] Corollary Al was proved with 

2 \|i 



< , for - 1 < < 1. 

~ V,/1 _ \n\) 



Note that q here has nothing to do with the q in ( Epg ) ! It was also shown 
that the same bound applies for the cb-complementation constant 7(p, q) of 
the subspace of Lp(rg) generated by the generalized g-gaussians. Corollary 
Al now provides a uniform bound for Cp ^ as far as 1 < p < 2. Moreover, 
by Corollary Al and the argument in |18| . we have 



7(p, q) for p > 2. 



The following question looks like the next step. 

Problem 3. Find accurate estimates for 7(^,(7) near (p, q) — (00, ±1). 

Our second application has to do with some recent results on operator space Lp 
embedding theory. Given 1 < p < (/ < 2 and a von Neumann algebra M. , the main 
result in [TSl[Tn] is the construction of a completely isomorphic embedding oiL^^M) 
into Lp(^) for some sufficiently large von Neumann algebra A, where both spaces 
are equipped with their natural operator space structure. We refer to [TTJ |3U US] 
for some prior results. The simplest construction uses free probability techniques 
and does not produce any singularity in the embedding constants. However, these 
techniques are not the right ones to show the stability of hyperfiniteness. In other 
words, whenever M. is hyperfinite we can also take A to be hyperfinite. Under 
these conditions, all the known constructions produce a singularity in the constant 
r7(p, q) of the cb-cmbcdding — )■ Lp as p — > 1. We solve this by transference. 

Corollary A2. Let M. he hyperfinite and 1 < p < q < 2. Then, there exists 
a completely isomorphic embedding of Lq{Ai) into Lp{A) where both spaces are 
equipped with their natural operator space structures and satisfy: 

i) A is hyperfinite. 

ii) The constants are independent ofp,q. 

So far we have provided applications of Theorem A. Our third application now 
follows from Theorem B. Pisier proved in |31j that there is no possible cb-embedding 
of OH into the predual of a semifinite von Neumann algebra. This was generalized 
by Xu, who proved in [JJ that for 1 < p < q < 2 we can not cb-embed Cq or Rq 
into a semifinite Lp space. In particular, the same applies for 

Sq = Cq ®h Rq- 

The following result completes the previous ones by Pisier and Xu. 

Corollary B. If\<p<q<2, there is no cb-embedding of £q into semifinite Lp. 

In fact, as it was pointed out by Pisier our techniques go a bit further, but that 
will be explained in the body of the paper. Corollary B, together with the results by 
Pisier and Xu, justify the relevance of type HI von Neumann algebras in operator 
space Lp embedding theory. The main tools in our argument are: 

• The noncommutative form of Rosenthal theorem from |14| . 

• Xu's nonembedding techniques from [43] a la Grotlicndieck [71 [33l |44] . 
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• A local cb-embedding 
1 

with constants independent of p, q and n. This result improves a previous 
one from [13| . where the most natural case p = I was not proved and the 
constant presented a singularity at 1. 

1. A TRANSFERENCE METHOD 

Given a probability space (fi,/i), we denote the expectation by = / fd^. 
We reserve the symbols {ek)k>i for a sequence of independent Bernoulli random 
variables, i.e. Prob(£fc = ±1) = i. We shaU write for Ejv o iTk- We begin by 
stating the main result in |12j . The second part is a simple refinement from |16) . 

Theorem 1.1. The following inequalities hold for x € Li{A4): 

i) If {Aik)k>i are independent top-subsymmetric over M , then 



fc=i 



Li{A) 



ii) If moreover, £j\f{x) — and (Mk)k>i o,re symmetric over N , then 



^TTk{x) 



k=l 



Li{A) 

inf n||a||/^j(A) + Vn\\£Aribb*)^\ ^ + ^/n\\£^f{c* c)^- 



In both cases, the relevant constants are independent of A4 and M. 

We now give some elementary remarks on symmetric tensor products. Given 
a positive integer m, the symmetric tensor product ®^„iA^ is defined as the von 
Neumann algebra 



Let us write Sm to denote the symmetric group on {1,2,..., m}. It is easily seen 
that the symmetric tensor product <8)^mA^ is exactly the fix point algebra of the 
conditional expectation Sgymixi ^ ■ ■ ■ ^ x,n) = J2cres^ ^<t(i) ® • • • ® Xcr(m)- 
Lemma 1.2. Let {A4k)k>i be independent top-subsymmetric copies overM: 
i) The ®^^ym-Mk's are independent top-subsymmetric copies over ®^y^M . 
ii) Consider the j-th coordinate homomorphisms 7rfg„g(.T) = I®. . .<Six<Si. ■ .(8)1 
into the corresponding m-fold tensor product. Then, given a von Neumann 
algebra TZ and x e Li{M®'TV}, the following estimate holds with constants 
independent of m, n 

m n m n 

J — 1 ?'— 1 J — 1 i—\ 
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iii) Moreover, if Ej\f ® id{x) = and the M.k 's are symmetric 

rn n m n 

j — 1 i—1 J — 1 1 

Proof. The first assertion trivially follows from the fact that 

^^iTym^i^ ® x<Si ■ ■■ ®x) = £j^{x) <Si £Af{x) ® ■ ■■ <Si £m{x) . 
To prove ii), we set 

Mfe = ®™„,(7Wfc®7^). 
Let TTfc : M ^ Mfe given by TTk{x®"^) = [-Kk ® id\ (a;)®"- Similarly, consider 

Let us note that 

• E;ii'rLn.(^)Gii(M). 

• According to i) , if we set 

(Mfc)fe and (M^^gg)fc are independent top-subsymmetric copies over N. 

• Moreover, if we further assume that the MkS are symmetric, it also trivially 
follows that both the M^:'s and the M^^^^'s are independent symmetric 
copies of M over N. 

Under these conditions, we obtain from Theorem II .H i) 

m n n m 

E||5ZWe«.(I]£^h®*'^](^))||^ = ^\Y.^^HY.<ns{x)) 
j — 1 i—1 i—1 j—l 

n m 

- E||^e,?f}^^^(^7r^^„Ja;)) 
i=i j=i 

m n 
= E||^7r^,„,(5^£.[^},ee®«rf]W) 

For independent symmetric mean-zero copies we use Theorem II. II ii) instead. □ 

Proof of Theorem A. Given a complex Hilbert space H, let J^-i{H) denote its 
antisymmetric Fock space. Write c(e) and a(e) for the creation and annihilation 
operators associated to e € Ji. Given an orthonormal basis {e±k)k>i of H and a 
family (/ifc)fe>i of positive numbers, the sequence fk = c(efc) + ^k^ie-k) satisfies 
the canonical anticommutation relations and we take TZ to be the von Neumann 
algebra generated by the fk's. Let cji-ji be the quasi- free state on TZ determined by 
the vacuum. With this construction, TZ is the Araki- Woods factor arising from the 
GNS construction applied to the CAR algebra with respect to (pu- In fact, using a 
conditional expectation, we may replace the /x^'s by a sequence (/Xfc)fe>i such that 
for every rational < A < 1 there are infinitely many //J. = A/(l -I- A). According 
to Araki and Woods, we then obtain the hyperfinite IIIi factor TZ. 
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Consider the amphfication A ~ A^B{£2) and assume for simphcity that A is 
(T-finite. A normal strictly semifinite faithful weight "0^ is determined by a sequence 
(a net in the general case) of pairs (ipm 9n) such that 

• The g„'s are increasing projections in A with SOT — lim„ q„ = 1. 

• The V'n's are normal positive functionals on A with supp^/j^ = g„. 

• The {ipnyQnYs satisfy the compatibility condition tpn+iilnxqn) = ipn{x). 
Let us write k„ for the nondecreasing numbers ipniQn) € (0, oo). We refer to 
Propositions 8.10, 8.19 and 8.22 of [T^ for the fact that there is a normal strictly 
semifinite faithful weight with k„ G N and p„ S Li{B{i2)®'R-) such that 

holds for every a £ Lp{A) up to an absolute constant c. The coefficients p„ are 
universal, i.e. do not depend on A. The specific form of depends on the 
spectrum of the operator /|g^ i— > /|g^ which takes the left boundary value of an 
analytic function / on the strip < Rez < 1 to its right boundary value, see Chapter 
8 of [16] for further details. Writing ipTz,n = i^n® 4>n, we know that V'TC.n = ^n4>n,n 
for some non-faithful state (pn^ri with density d-n^m so that (j)-R.n{x) = tv{dTi^nx) 
and the norm on the right takes the form 

II^II/c^^(V'„®<Ak) = jinf ^ k„|jzi||i +k^ ||z,.||2 + k^ ||zc||2- 

On the other hand, wc have p„ = where 7 is a mean-zero element of Li{TZ, (p-ji) 

and ^„ ~ -^^ dj S M„. Indeed, see [111 Page 136 and proof of Proposition 8.10] 
for the claim on 7 and the proofs of [TBI Lemma 8.21 and Proposition 8.22] to get 
an idea of how to derive the form of see also |17| for more on this. Taking this 
into account Theorem ll.il ii) applies for M = (Ia) and yields 



(1.1) E V £fe7rfe(a;) lim E ( V efe7rfe(a:;)) (g) p„ 



Indeed, in the last step we use 
• The mean-zero condition 



TZ.n ( ^ Sk [tT/c ®id\{x® pn) \ = 0. 



• The T^iens^^ from Lemma 11.21 provide symmetric independent copies. 
The mean-zero condition follows from the fact that 7 is mean-zero in TZ. Now 
according to Lemma 11.21 ii). we may replace iTk by tt^^^^ at the right hand side 
of p.ip . This implies the first assertion calculating backwards. For the second 
assertion, wc first note that the argument above is also valid without random signs 
whenever the A^fe's are symmetric and £j\f{x) — 0. In other words, we have 



Indeed, we just need to argue as we did above and use Lemma fTT^ iii) for mean-zero 
symmetric copies. In the general case, we may assume by approximation that only 
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finitely many tt/j's are considered. Then we have 



k=l 



< 



k=l 
n 

k=l 

n 



^T^kiSAfix)) 

k=l 
n 

ree 

I 

n 



k=l 

Wc have used (11.21) and the invariances 



fc=i 



Moreover, using S^f = Ea^ o tt^j.^^ we find tt^^^^ o — Ej^ o tt^j.^^ and 

n n n n 

k=l ^ k=l ^ k=l ^ fc=l 

The reverse inequality follows similarly. 



□ 



Remark 1.3. If we allow the constant to be dependent on p, Theorem A holds 
for 1 < p < oo and not only for copies. Indeed, this follows directly from the 
noncommutative Rosenthal inequality |21] . As in the classical case, we don't have 
a uniform constant Cp as p — > oo. On the other hand, we know from Glaus Kostler 
[22j that the symmetry assumption in the second assertion of Theorem A can be 
replaced by the weaker notion of subsymmetric copies defined in the Introduction. 

Remark 1.4. Let M be a finite von Neumann algebra equipped with a faithful 
normal trace t and let ui, U2, . . . , u„ € M be unitaries. We claim that the inequality 
below holds for 1 < p < 2, independent top-subsymmetric copies and constants 
independent of p 



(1.3) E\\^ekTTk{x) <»uk 



k=l 



inf UP ||a||L^(^) + y/n\\£_^r{bb*)^■ 



/n\\£j\f{c*c)'' 



x—a-\-b+c 

Indeed, the case p = 1 is a more general version of Theorem 11.11 that was already 
considered in |12| . Moreover, it can be easily checked that our arguments in Lemma 
1.21 and Theorem A are stable under taking tensors with arbitrary unitaries, as far 
as we work with this refinement of Theorem 11.11 This gives 



Uk 



If we now combine it with the free Rosenthal inequality from 

n 



fc=l 



\Lp{A) 



inf 

Xk=ak+bk+Ck 



El 

k=l 



a-kl 



k=l 
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we easily end up with (|1.3p . This is a form of the noncommutative Rosenthal 
inequality [21] for independent top-subsymmetric copies with no singularity at p = 1 
and will be instrumental in the following paragraph. 

Proof of Corollary Al. Inequality (|1.3p implies the assertion by a central limit 
procedure which allows us to pass from the three terms in Rosenthal inequality to 
the two terms in the assertion. The argument for the particular case p = 1 was 
given in Section 8 of [12]. The case 1 < p < 2 just requires simple modifications 
that we leave to the reader. □ 

Proof of Corollary A2. The construction in [16] is sketched as follows 

We now review the cb-embeddings (a), and (7) in some detail to identify where 
the singularity appears. It will happen once in and once in (7). However, 
in both cases our version (|1.3|) of the noncommutative Rosenthal inequality for 
independent copies — no need of unitaries this time — will allow us to remove the 
singularity. Namely, the embedding (a) generalizes the so-called 'Pisier's exercise' 
to embed the Schatten class Sq = Cq ®h Rq into an operator space of the form 

(Cp ® OH)/.gmp/i(Ai)^ ®h {Rp © OB) / graph{K2)^ , 

see (151 143| for further details. When working with general von Neumann algebras 
this requires to encode complex interpolation in terms of certain spaces of analytic 
functions. This follows from the factorization 

Lq{M)=Ll^{M)®M,hL'iq{M), 

Proposition 8.19 in [16] and duality. It turns out that the constants are independent 
of p, q at this step. Moreover, a more convenient way to write the space between 
(a) and (/3) is by means of a 4-term sum K,p^2{'4',C)i with ij) and ^ normal strictly 
semifinite faithful weights on M and i3(^2) respectively, see Proposition 2.22 of [T^] 
for further details. The space /Cp^2(V' ® arises from a direct limit 

/Cp,2(V' «) C) = IJ KLpai-^n ® in), 
n>l 

where ipniS.n are the restrictions of ip,(j) to certain increasing sequences of finite 
projections. If ipn S,n = '^n4'n with a state supported by the projection qm it 
turns out that 

«,uS{2p,4} 

The definition of asymmetric L(^^ .^j spaces is recalled in Section [2] below. On the 
other hand, the space /CJJ,^ (0 (8) V' ® is also the direct limit of an increasing family 
of 3-term sums 

ri>l 

where (j) is the quasi-free state in the proof of Theorem A above. The complete 
embedding lCp^2{i^n ® Cn) ~^ ^^^cpii^n (8) (8) Cn) holds up to constants independent 
on n, see Proposition 8.10 in |16| . The main ingredient in the argument is the 
noncommutative Rosenthal inequality for independent copies in Lp. Equipped with 
(|1.3|) . we may now provide a universal constant valid for any 1 < _p < 2. Thus 
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the embedding (/?) holds up to constants independent of p. Let us consider the 
embedding (7). Its construction is given in |161 Theorem 8.11]. The idea is to 
construct cb-cmbcddings of JCP,^{ipn <E) (j) <^ £,n) for each n > 1, so that we can take 
direct hmits and hyperfiniteness is preserved. The main tool is a noncommutative 
Poisson process, an algebraic construction that has nothing to do with constants. 
Therefore the problem reduces to cb-embed ICP.^{ipn(^<j>^^n) into Lp{An)- A quick 
look at [161 Theorem 8.11] shows that the only point where the singularity appears 
is once more from the use of noncommutative Rosenthal inequality for independent 
copies. Hence, Theorem A applies and produces (|1.3p . implying the assertion. □ 

Remark 1.5. According to [T51[Tn], the assertion in Corollary A2 also holds with 
Lq{J\4) replaced by any operator space of the form Xi (S)h X2, with Xi a quotient 
of a subspace of i? © OH and X2 a quotient of a subspace of C © OH. 



2. Mixed-norms of free variables 

In this section we recall several results from [TB] for the convenience of the reader. 
The main result is a variation of the free Rosenthal inequality from I18j which will 
be instrumental in the course of our argument. The correct formulation involves 
certain noncommutative function spaces. 

2.1. Conditional Lp spaces. Inspired by Pisier's theory [^Hj of noncommutative 
vector-valued Lp spaces, several noncommutative function spaces have been recently 
introduced in quantum probability. The first insight came from some of Pisier's 
fundamental equalities which we briefly review. Let A/i,A/'2 be hypcrfinite von 
Neumann algebras. Given 1 < p,q < 00, we define l/r — \l/p — l/q\. If p < g, the 
norm of a; £ Lp {Afi ; Lq {M2 ) ) is given by 




If p > (7, the norm of x G Lp(A/i; Lq{Af2)) is given by 

sup|||ax/3||i_^(^^^;V-2) I a,/3 € Bl2A-^i}}- 

The hyperfiniteness is an essential assumption in |29j . However, when dealing 
with mixed Lp{Lq) norms, Pisier's identities remain true for general von Neumann 
algebras, see pUll^ . On the other hand, given any von Neumann algebra Ai, the 
row and column subspaces of Lp are defined as follows 

n 

R;{Lp{M)) = {^xfe® eife I xfc € Lp{M)] C Lp{M®B{e2)), 

k=l 
n 

C;{Lp{M)) ^[Y,^k<»eki I xk G Lp{M)} C Lp{M^B{e2)), 

k=l 

where (e^) denotes the unit vector basis of B{£2)- These spaces are crucial in the 
noncommutative Khintchine/Rosenthal type inequalities and in noncommutative 
martingale inequalities, where the row and column spaces are traditionally denoted 
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by Lp{M-4l) and Lp[M 

n 



k=l 



Xk (8) eik 



2). The norm in these spaces is given by 

n 1 

(; 



k=l 



C?(Lp(A4)) 



' fe=i 



fc=i 



Lp{M) 



In what follows we write R'^{Lp{M)) = Lp{M\R^) and C'^{Lp{M)) = Lp{M\C^). 

Now, let us assume that A/" is a von Neumann subalgebra of M and that there 
exists a normal faithful conditional expectation £jsf '■ Ai — > M . Then we may define 
Lp norms of the conditional square functions 



and 



fe=i 



£j\f{x*kXk) 



These norms must be properly defined for 1 < p < 2, see [10] or [161 Chapter 1]. 
The resulting spaces coincide with the row/column spaces above if A/" is itself. 
When n = 1 we recover the spaces L^p{M, E) and ip(A^, E) from [TO] , 

We have already introduced Lp{Lq) spaces, row and column subspaces of Lp 
and some variations associated to a given conditional expectation. All the norms 
considered so far fit into more general noncommutative function spaces — for not 
necessarily hyperfinite von Neumann algebras — which we now define. Consider the 
solid K in M"^ determined by 



K 



\{l/u,l/v,l/q)\2<u,v <oo, 1 < (? < 00, l/u+ 1/(7+ l/w < l|. 



Let A/" be a conditioned subalgebra of A/J and take l/p= l/u + l/q + l/w for some 
(1/it, l/v,\/q) G K. Then we define the amalgamated Lp space associated to the 
indices {u,q,v) as the subspace Lu{N)Lq{M)L„{N) of Lp{M) equipped with the 
norm 



inf 



{II. 



L„(AA)l|y||L,(A4)l|/3||L„(A/') | 

where the infimum runs over all possible factorizations x ~ ay (3 with (a, y, /3) 
belonging to Lu{M) x Lq{M.) x Ly{Af). Let us now fix (1/u, 1/v, 1/p) g K and take 
1/s = 1/u + 1/p + 1/v. Then we define the conditional Lp space associated to the 
indices (w, u) as the completion L~^{Af)Ls{A4)L~^{Af) of Lp{Ai) with respect to 
the norm 

sup|||aa;/3||i^(y^) | \\a\\L^^(^f), ||/3||l„(aA) < l}- 

Both, amalgamated and conditional Lp spaces, where introduced in [16j and we refer 
to that paper for a more detailed exposition. It should also be noticed that our 
terminology L^^{Af)Ls{Ai)L^^{Af) for conditional Lp spaces is different from the 
one used in |16| . Now we collect the complex interpolation and duality properties 
of amalgamated and conditional Lp spaces from [16j . Our interpolation identities 
generalize some previous results by Pisier [22 and recently by Xu [42]. 

Let Kq denote the interior of K. Then we have: 

a) Lu{N)Lq{M)Ly[N) is a Banach space. 

b) Lug{N)Lqg{M)Lyg{M) is isometrically isomorphic to 

L„„ (AA)L,„ {M)Ly„ (AA), (AA)i,, {M)L,„ {Af) 
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with = (1^ + A, 1^ + A, 1^ + A), 

c) If (1/u, 1/q) G Ko and 1 - 1/p = l/it + 1/q + l/w 

(i.(AA)i,(A^)L„(AA))* = i-i(AA)i,,(X)i-i(AA), 

{L-\j^)Lg,{M)Lz\Af)y - i.(AA)L,(Al)i„(AA), 

with respect to the antihnear duahty bracket {x,y) = tr{x*y). A natural 
way to read the first identity (the second one is its dual) is to say that the 
dual of the amalgamated Lpi space associated to (u, v) is the conditional 
Lp space associated to (it,w), since 

= + l/q + 1/v and 1/p = 1/q' - l/w - l/w. 
We refer the reader to Part I of [ll] for some refinements of these results. 
2.2. A variant of free Rosenthal's inequality. In this paragraph we formulate 



the free analogue of inequality ( T,pq I in the Introduction and its dual. To be precise, 



we shall work for convenience with i.d. variables. In that case, it is easily checked 



that ( T,pq I provides a natural way to realize the space 



as an isomorph of a subspacc of Lp{D,;£]^). Quite surprisingly, replacing in (E 
independent variables by matrices of independent variables requires to intersect four 
spaces using the so-called asymmetric Lp spaces. This phenomenon was discovered 
for the first time in |13j and is partly motivated by the isomctry Lp ~ L2pL2p 
meaning that the p-norm of / is the infimum of Il.g|l2p|l^|l2p over all factorizations 
f = gh. Namely, if L2p denote the row and column quantizations of L2p 

determined by definition (|2.2p below, the operator space analogue of this isometry 
is given by the complete isometry Lp = i2p^2p' ^"^^ below for further details. This 
leads us to redefine Jp ^ as 

j;^q = (n^L^2p n n^L^,q) (n^ L%, n n^L^,) . 
According to [151, we find 

(2.1) j;]q - n^L-^^p n n^+^i^pL^, n n^+^L^^L^^ n nii^^L^,. 

These spaces will be rigorously defined below. Our only aim here is to motivate 
the forthcoming results and definitions. Let us now see how the space in p.ip 
generalizes our first definition of J^q{^). On the Banach space level we have the 
isometrics i2p^2q = Ls ~ -^2g^2p ^ith 1/-^ = l/2f?. Moreover, again by 

Holder inequality it is clear that 



\f\\s < max|np||/||p,n9||/||g| 



and the two cross terms in (|2.1I) disappear. However, in the category of operator 
spaces the four terms have a significant contribution. The operator space/free 



version of ( T,pg I is the main result in |16j , and goes further than its commutative 
counterpart. More precisely, in contrast with the classical case, we find a right 
formulation for (Eoog)- Indeed, as for Khintchine and Rosenthal inequalities, the 
limit case as p — > cx) holds when replacing independence by freeness. 
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Now we give detailed definitions and results. Let us write L2{M) and U^iM.) for 
the row/column quantizations of L2{A4) and let 2 < 5 < 00. Then, the row/column 
structures on Lq{Ai) are defined as follows 

L-{M) = [M,L1,{M)]^, 

^^■^^ m-M) = [M,^iM)]l. 

In fact, a rigorous definition should take Kosaki's embeddings into account as done 
in [ini Identity (1.3)], but we shall ignore such formalities. Now, if 2 < w, w < 00 
and 1/p ~ 1/u + 1/v for some 1 < P < 00, we define the asymmetric Lp space 
associated to the pair {u, v) as the A^-amalgamated Haagerup tensor product 

(2.3) hu^v){M) = Ll{M) ®M,h KiM). 

That is, we consider the quotient of L'[^{M) (E)h L'^{Ai) by the closed subspace 
I generated by the differences xij (E) X2 — xi (E) 72:2 with 7 G A^. By a well 
known factorization argument the norm of an element x in L(„ „-|(A^) is given by 
= infx=Q/3 ||a||L„(A4)ll/3||L„(7W), see Lemma 1.9 in [16]. 



• If = M„, the space in reduces to S}^^^.^ = '^h i?"/2- 

• We have a cb-isometry Lp{M) = i(2p,2p)(-^)> see [121 Remark 7.5]. 

Let 1 < q < p < oo. According to the discussion which led to (|2.ip . we know 
how the general aspect of Jpq{M.) should be. Now, equipped with asymmetric Lp 
spaces we obtain a factorization of noncommutative Lp spaces in the right way: 

u,v£{2p,2q} 

If we take 

M,n = M.,n{M) and = idn^ ® if ■ ^ Mm 
for m > 1 and define 

111 , 1 111 

- = and — = 1 \ — , 

r q p 7(u, v) u p v 

we have an isometry 

(2.4) S;'^{j;]q{M))= fl L-\M,„,)L.^^.,,,^iM„^)L-\M,r.). 

The proof can be found in [IB]. Let A/" be a conditioned subalgebra of Ai with 
corresponding conditional expectation £j^f : Ai — > Af. According to (|2.4p , we define 
the iJ-spaces 

J^JM,£^)= fl n^L;i(AA)L^(„,,)(M)i;i(AA). 

u.fG {2r,cjo} 



The isometry p.4p shows us the way to follow. The philosophy is that complete 
boundedness arises from amalgamation, see [El [16]. Indeed, instead of working 
with the o.s.s. of the spaces Jpq{M.)^ it suffices to argue with the Banach space 
structure of the more general spaces Jpq{M.,£j\f). In this spirit, for 1 < q < p < 00 
we set 1/r = 1/q — l/p and introduce the spaces 

TVip,q{^M,£j^) = n^. L2p[M)r\n^. L2X^)L2q{M)L-J[N), 
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Remark 2.1. The notion of A^-amalganiated Haagerup tensor product Xi(8)jVi./iX2 
extends naturally to any pair (Xi, X2) of operator spaces such that Xi contains M 
as a right ideal and X2 does it as a left ideal. We shall write Xi ®m^2 to denote the 
underlying Banach space structure of Xi ®M,h X2. According to the definition of 
the Haagerup tensor product and recalling the isometric embeddings Xj C B{7ij), 
we have 

where the infiiiium runs over all possible decompositions oi x + T into a finite sum 

This uses the o.s.s. of Xj since row/column square functions live in B{'Hj) but not 
necessarily in Xj. Therefore, if Xi is stable under row square functions (finite sums) 
and X2 is stable under column square functions, no o.s.s. on the X^ 's is needed to 
define Xi ®_a4 X2. In particular, we may consider the Banach space 

In what follows, we might abuse of the terminology by writing Xi ®M,h X2 for the 
space Xi ®M X2. If that happens, it will be clear what space do we mean from the 
context. The reader can find some of the basic properties of this construction in 
[TBI Chapters 6 and 7]. 

Remark 2.2. The cb-isometry 

Xi®Al,hX2 = {y^i®hRm) ®M^(M).h {Cm ®h X2) 

reflects the behavior of row/column operator spaces with respect to amalgamated 
tensor products and it is a key property that we will be using along the paper. 
Indeed, it suffices to understand that 

dinii?„i ®M„,ji Cm = 1, 

which follows from the fact that en ® Cji ^ Sijen en where refers to the 
equivalence relation imposed by the quotient of amalgamation. These equivalences 
can be easily justified by the reader. 

The isomorphisms below are the key results in |16) : 

a) lil<q<p<oo, we have 

b) If 1 < p < 00 and l/g^l— 6* + we have 

Jp", {M,£m)- [Jp,i {M,£m), J;:p {M,£M)]g- 
Moreover, in all cases the involved relevant constants are independent of n. 

Remark 2.3. It is worth mentioning that the constants for 

j;jM,£^) 0, [j;\{M,£^),j;]j,iM,£^)], 

obtained in [16[ Theorem 7.2] have a singularity when (p, q) ^ (00, 1). To be more 
explicit, for q small and p large we obtain a constant Cp^q ~ ip — q)/ (jpq + q — p) and 
the same singularity appears in Theorem l2.4l below. However, the assertion in such 
theorem holds for the extremal values ip,q) = (00, 1) and the singularity seems 
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to be removable. It appears as a byproduct of the nonconimutative Burkholder 
inequality, which is used in the argument, see [TBI Remark 7.11]. Fortunately, our 
construction of operator space Lp embeddings in [151 [H] only uses Theorem l2.4l for 
q = 2 and no singularity occurs in that case. 

In what follows, we shall also need to work with the predual space of Jpq{M,£Af) 
which is defined as follows. Given 1 < p < 9 < oo, let us consider the index 
i = i — i and the coefficient p(u, v) determined by , ^ , 1 — 1 — i. Then, we 
define the space 

The antilinear bracket {x,y)n = ntr{xy*) gives ICp,j{M,£^f)* = Jp' g'{M,£j^), 
see [m Remark 7.4]. As for the J'-spaces, we shall write ICp ^{Ai) to denote the 
space /Cp^^(A^, Sa/') with {N,£j\f) = Having defined the noncommutative 

forms of our and K, spaces, we can now state the free analog of (Spg) and its 
dual from |16j . It is fortunate that in the free case a more general statement holds 
not requiring copies. 

Theorem 2.4. If 1 < p < q < oo, the maps 

fc=l k=l k=l 

n ^ n n 

ree : '-a' ] 

k=l k=l k=l 

are isomorphisms with complemented range and constants independent of n. In 
particular, considering the restriction to the diagonal suhspaces xi = X2 = . ■ ■ ^ Xn 
we obtain isomorphisms 

n 

X € IC^,j{M,£j^) ^ J2^freeix)(^Ske Lp{Afree-Jq), 

n 

X £ Jl] q,{M,£j^) l-> Y'^'free{x)®5k^ Lp{Afree\^q), 

k=l 

with complemented range and constants independent of n. Moreover, replacing 
{M,N ,£j\f) by {Mm{M),Mm,idM,r^ ®'^), we obtain complete isomorphisms with 
completely complemented ranges and constants independent of n 

n 
n 

X&Jl] g,{M) ^ J2^freeix)®^ke Lp{TZfree;Q- 

v. free stands for the non- amalgamated free product {A4, ip) * {M, Lp) * ■ ■ ■ * {Ai, p). 

Sketch of the proof. It clearly suffices to prove the first assertion. Since the 
jT^-spaces form an interpolation scale, as observed in Remark |2.3[ the same holds 
for Kpq by duality. On the other hand, the spaces Lp{Afree',iq) are particular 
examples of amalgamated or conditional Lp spaces (according to the value of p and 
q) and hence also form an interpolation scale. This is well-known for hyperfinite 
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algebras through Pisier's work, but note that the free product are in general not 
hyperfinitc. It suffices to show the extremal cases. The case p = q is trivial, while 
the argument for the map J'^, — > Lpi{£^) is essentially contained in [T3]. Indeed, 



using 



k=l 



inf 

Xk=a.kbk 



fe=l 



see e.g. [10], the norm estimate for J'^, ^ boils down to 



k=l 



(2.5) 



freei^k)''^freei^k)* 



< 



k=l 



£M{xkxl)) • 



2p 



k k=l 

and its column version. Equation (|2.5p follows from the free Rosenthal inequality 
[IH], see [ini Corollary 5.3]. It is important to recall that, in contrast to the free 
Rosenthal inequality, we do not require the x^'s to be mean-zero in p.Sp . The 
combination of (j2.5p with Jp_^{M,£j\f) ~ TZ2p.q{M,£M)®MC2p^q{M,£M) gives rise 
to the boundedncss of Jpi — > Lpi{£^). By interpolation, we deduce that J^^^/ — >■ 
Lpi {£^1 ) is bounded. By duality, see the argument in [13] , the boundedness of the 
inverse and the fact that the range is complemented follows from the boundedness of 
the map ICp^ — >■ Lp{£'^). This is even easier and follows from algebraic considerations 
that can be found in [T31 Proposition 3.5]. The proof is complete. □ 

Remark 2.5. Several remarks are in order: 

i) The first result of this kind appeared in [13], where tensor independence 
played the role of freeness and amalgamation was not considered. According 
to the classical theory, we found in this case a non-removable singularity 
as p ^ oo. Then, the duality argument produces a singularity as p ^ 1. 
As a byproduct of our methods, we shall show in this paper that this 
singularity is removable. A key point for it is to observe that, in the free 
setting considered in Theorem 12.41 we only find a (apparently removable) 
singularity when {p,q) — > (l,oo) simultaneously. 

ii) The variables T^jreei^k) are replaced by T^^jj-eei^^^ —Xk) in the formulation 
of Theorem 12.41 given in |16] . This was done to create mean-zero random 
variables, a necessary condition for the free Rosenthal inequality [TS]. In 
p.5p mean-zero random variables are not required and this simplifies our 
embedding. 

iii) The simpler formulation in jl3| allowed us to take values in an arbitrary 
operator space X. In the framework of Theorem 12.41 this requires some 
additional insight that will be analyzed in a forthcoming paper. 

3. Sums of independent copies in Li{£oo) 

Let {Mk)k>i be an increasingly independent family of top-subsymmetric copies 
of the von Neumann algebra Ai over M. Let us also consider a cr-finite von Neumann 
algebra TZ equipped with a normal faithful state (p. Given x G Li(A^) (g)??., we want 
to study sums of independent copies in Li{A; £oo{TZ))- According to Section [51 we 
know that 



k=l 



TTkix) (g) Sk 



inf I 

TTk{x)=aykP 



sup I 

l<fe<ri 



yk\\A§,nj\\P\\L2iA)- 
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On the other hand, we have the following formula for any z £ M(E)Li{TZ) 

(3-1) I|2|1l^(>!;Li(tc)) =inf |||(^^ EA^(afeafc))' ^||(^^EA^(6fe6fc)) ^ 

where the infimum runs over all decompositions of z into a finite sum dkbk and 
Em ■ M.^'TZ — >■ is the conditional expectation Em ~ id® (j). Indeed, recall that 
the term on the right is the norm of z in 

L^(7W®7^; Em) ^m^tz Ll^iM^TZ; Em)- 

Then, since the following identifications clearly hold 

Ll^iMm;EM) = L^\M)L2iMm)L^HM), 

LUMm;EM) = L~J{M)L2{Mm)L^\M), 

we deduce that we are talking about the norm of z in 

L^\M)L2{M®n)L-^{M) ®M®n L^{M)L2{Mm)L^\M). 

In these terms, it is clear that p.ip follows from [121 Proposition 6.9] after taking 
{M.,N) there to be our pair {M.®TZ^ tM), recall one more time that our terminology 
for conditional Lp spaces is different from the one used in [12]. Given A > 0, we 
also define the spaces 

ntsiM^S^) = MnVXL^\Af)L2{M)L^\Af), 

C^^,iM,£^f) = MnVXL^\M)L2{M)L^'{M). 

According to |16j . the norm on these spaces has the form 

ll"lk^,i(M,£A^) = max|||a||^, VA||£A/-(aa*)^||_^|, 

WPW c^ ,{M,Sj^) = max{||/3||^,VA||fAA(^*^)^||^}. 

Of course, when A = n we recover the spaces TZl^ ^ {M , and CJ^ i{M , Sj^/) from 
the previous section. Now we want to consider the corresponding jT^-spacc with 
values in Li{TV) 

J^,,{M,£^;Liin)) = n^^,{M,£^) ®m L^{M;Li{n)) C^,i(X, £a^). 

Note that both 'R,^ i{M,£^r) and ^(A^, fA/') coincide algebraically with M 
itself. Thus, the norm in Li{TZ)) of an element z in the dense subspace 

M ® Li{TZ) is given by 

\\4j^ ,(M,£j^-M(n)) = ^^^llp ll"l!K^,i(A^,£Ar)lblUoo(A^;ii(K))ll/3|lc^ i(A1,£Ar)- 

When no confusion can arise, we shall write l(Ll(7^)). 
Lemma 3.1. We have 

niax|||zj|i^(^.ii(7^)), 
VA inf \\£Afiaa*)^\J\y\\L^{M;Li{n)), 
inf I|2/IU^(a^;Li(TC))||'S'a/-(/3*/3)^||j^, 

z=yl3 
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Moreover, the relevant constants are independent of A. 

Proof. The argument can be found in Chapter 6 of |16| . see Lemma 6.3. 



□ 



Once we have introduced the key spaces, we are ready for some prehminary 
estimates. In what fohows, we shah assume that z is an element in i{Li{TZ)) 
and we shah work with a factorization z = ay/3 with 

[\\a\\M, y^\\£Afiaa*)^\j^^\\y\\L^(^M-,Li{n}) '^^'y^ [\\f3\\M 
being < ||2|| j^a ^(^^(7^)) + £ for small e. Let a = — aa* , b = yl — and 

Afc = 7ri(a)7r2(a) • • • 7rfe_i(a) , Bfc = 7rfc_i(6) • • • 7r2(6)7ri(6). 
Lemma 3.2. We have 



^AkTTk{z)Bk (E) Sk 



fe=i 

Proof. We claim that 



< \\y\\L^{M;Li(1l))- 



k=l 



< (Vafcafc)^ ( sup \\yk\\L^{A-M 



k=l 



k=l 



Indeed, if {a, (3) = iJ2k ^kCtl,J2k Kf^k) , we find Vk,Wk G A with 
• ttfe = a^Vk and /3fc = Wk/S^, 

Since Loo{A; £i{Li{TZ))) is an ^-bimodule, it suffices to show 



'^VkykWk ® Sk 



k=l 



< sup ||y/c||L<,,(^;Li(K))- 



Factorize yk = ciksbks in such a way that 

In particular, we may factorize VkykUik — '^gVkaksbksWk to deduce the estimate 

n 

'^VkykWk ® 4 



A;=l 



\L^{A;l^(Li(n))) 

11-11 

II '^—'k.s ^ ' \\A\\ ^-^k.s ^ ' 



< 



sup \\yk\\L^{A-M{n))+£)\\y2^*k^'' 



A 



< sup \\yk\\L^(A;Li(n)) + £■ 
l<k<n 

This proves our claim if we let £ — > 0^. Applying it for 

iak,yk,f3k) = {Ak7Tk{a),TTk{y),TTk{f3)Bk), 
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gives rise to 

n 



fe=l 



< 



n 



k=l 



y\\L^{M;Li{n))\ 



k=l 



A 



Therefore, the assertion fohows from 

\\y^AkTTk{aa*)Al <1 and 11 V B^^fe(/3*/?)B* 



< 1. 



Indeed, these estimates are imphcit in \12\ Lemma 7.6]. The proof is complete. □ 

The next lemma requires a further property of the space Loa{Ai] Li{TZ)) used 
in the definition of the amalgamated tensor product J^ i{Li{TZ)). Indeed, we 
require that for a conditioned subalgebra M M and a normal *-homomorphism 
p: M ^ N®B{£2), we have 

(3.2) \\p®id : Loo{M;Li{TZ)) -> ioo(AA®S(^2); il(7^)) || < 1. 
To prove it we use an isometric inclusion 

(3.3) Loo{M\Li{n)) c NDEC(7^°^^^). 

In other words, by slicing Tx{r) = {id ® r){x), we can view : 7?,°^ — > as a 
normal decomposable map. The norm in the space of decomposable maps (see |19| 
for details) is given by 



\T.\ 



dec 



= inf 



Si Tx 
T* S2 



s.t. 



^1 T. 
T* S2 



completely positive 



To prove (f33|) let us take a, 6 e L2{M) and Mab{y) = ayh. For x ^ M® Li{TZ) 
we see that MabTx G NDEC(7?.°'', Li(A^)) and is of finite rank. However, every 
completely positive map T' : 7^°^' MV defines an element in (7^°^' (gj^ax M°p)* . 
Given a finite tensor z = rj ® rrij of norm less than one, we may lift it to an 
element z of norm less than one in the unit ball of 7?.°'' ®max This implies 

\{z,MatTx}\ < ||T,||rfec||a||2!|6||2. 

Since MabTx is of finite rank we know that 

\{z,MatTx)\ = \{z,axb)\. 
Then |T6l Proposition 6.9] implies that 

\\x\\L^{M;Li{n)) = sup ||a.T6||l < \\Tx\\dec- 

\\°-\\L2iM)' ll''lll,2(-^) — -'- 

According to (j3.ip . the converse follows easily by factoring x — X1X2 and using that 
Xixl and X2X2 correspond to completely positive maps. Then p.2p follows from 
the fact that \\pTx\\dec < \\Tx\\dec- 

In the following result, we shall use the conditional expectations Ek A ^ Mk- 
Lemma 3.3. If S < 1/e and A = 5^^n, we have 



E„(^(l- Afc)^„(z)(l-Bfc 



fc=i 



< 2ne6\\z\\jx^ ^{Li{n))- 
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Proof. By the normal version of Kasparov's dilation theorem [27], we may assume 
En(x) = eiip(x)eii, where p : A ^ A4n'^B{i2) is a normal *-homomorphism. Let 
us factorize z = ay/3 as we did before Lemma |3.2[ with A = S~^n. Then we get 



E„(^(l-^fcV„(z)(l-Bfc)j = RDC, 

k=l 

where R, D, C are given by 

n 

R = ^eiip((l - ^fe)7r„(a)) eife, 



fe=i 



D 



k=l 
n 

en (g) Cfei. 



fc=i 



It is easily checked that 

n 

RR* = - Ak)TTn{aa*){l - Ak)*) <g en. 

fc=i 

According to the proof of [121 Lemma 7.8] we have 

(3.4) ||^-i((RR*)^)||^ = ||7r-i(RR*)||^ < V2;^|ia||^. 

To estimate 7r~^((RR*)2) in ^{M,£j\f) it remains to control the term 

71 



k=l 



Finally, applying Lemma 7.1 (ii) and Lemma 7.7 (iv) from [12] . we obtain 



(3.5) ||£:^(^-i(RR*)) \\l = II Y Eaa((1 - Ak)£Ao^o.*){l - A,)*) 



fe=i 



< ||^Eaa((1- Afe)(l-Afc)*) ^||fx(aa*)||X, < \/2^||fAA(a«*) 



k=l 



The combination of p.4p and p.Sp (as well as a symmetric argument) produces 
lkn'((RR*)^)L. < V2;^||a|kA ^ , ||^-i((CC)^)||^. <y2;^||/3||c. ^. 
Since we have the factorization 

n 

<i [e„(^(1 - AkW{z){l - Bk))] = 7r-i((RR*)^)7r-i(^.DT;)7r-i((CC)5) 

k=l 

for certain contractions u, w, and Ltx3(M„(A^); Li(7?.)) is an 7W-bimodule, we deduce 

n 

;i[E„(^(l-A,.)^„(z)(l-Bfc 



A:=l 



< 2ne(5||a||K>^ J|/3||c^ J|^-i(D)||^^(^^^(^j^^^(^j^ 

< 2ne(5||a||^>^ J|/3||cA^ J|p(7r„(?/))||^^^^.^^^^^^ 
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< 2neS {\\a\\-,;.>^ J\y\\L^(M;L,{n))\\l3\\c^^^^ 

< 2ne(5(||z||jA^(i^(7j)) 

We have applied inequality p.2p . The assertion follows by letting e — > above. □ 
Lemma 3.4. If S < 1/e and A = 6^^n, we have 



k=l 



>n(l-4e(5)|lx|l_7A_^(i^(7j)). 



Proof. By homogeneity, we will assume that 

Let z ^ A(E) Li{TZ) be a norm 1 element of i{Li{TZ)) such that z) | = 1 — 7 
and factorize z = ayP with ||a||-R^^^ = \\y\\L^(M-Mm) ^ H^Hc^.i < 1 + 7- First 
we observe from Lemma 13.21 that 



TTk{x) (g) 6k 

k=l k=l 

Now, to work through the error estimate, we use 

z — azb = z{l — 6) + (1 — a)z — (1 — a)z{l — b) 

Hence 



k=l 
n 

- \'^{'^kix),Ak'!Tk{z)Bk) + I ^ (7rfc(a;),7rfc(z) - ^fc7rfc(z)Bfc) 
fe=i 

n 



fc=i 



fc=i 



Y,{7^k{x),{i-Ak)7rk{z){l~Bk))\ 



k=l 



J2 (Mx). (1 - Ak)7r„{z)) + I J2 (7rfe(x),7rfc(z)(l - Bk)) 



k=l k=l 

By top-subsymmetry and jl21 Lemma 7.1], we deduce 



fc=i 



i^kix), (1 - Ak) nkiz))\ = |(7r„(x), ^(1 - A^) ^„(z)) 

1 k^l 

n n 



k=l 



k=l 



< 



E^(j2il-A,))z 



k=l 



k=l 
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Similarly, we find 

n n 

|^(^fc(x),^fe(2)(l-Bfc))| < ||Ea^(^(1-B,) 
fe=i 

We refer to [TH Lemma 7.7 (iii)] for 



fc=i 



TV 



k=l 



Here we are using implicitly that we have 

max|||fA/-(aa*)3||^, ||£aa(/3*/3)^ ||^| < ;^== 
Our argument for the symmetric term uses Lemma 13.31 instead 

n 

\Y,{nu{x),{l^Au)Mz) (1--Bfc)) 



< neS. 



fe=i 



{x,TT-^ [e„(E(1 - Ak) n.,{z) (1 - Bk))]) < 2neS Mj^^^^L,in)y 



k=l 



This yields 



1(1-7) < {l+l)\\^Trk{x)(g)Sk 



k=l 



+ AneS. 



Taking 7^0+, we deduce the assertion and the proof is complete. 



□ 



Remark 3.5. Apart from our references to [H] in Section[Tl the estimation of the 
error terms above is the only place in this paper where top-subsymmetry really 
takes place. 



Let us consider the following norms 

lkllLJ(X,£AA;TC) 



inf l|a||L2(AA) \\y\\M^n\\b\\L2(M)^ 

x—ayh 

\\A\L'i(M,£M\n) = inf J|a||L2(A4)ll^/||A4®7^ll&llL2(A^) ' 
^ x—ayh 



\\X\\L\{M,£u\n) 

Lemma 3.6. If z E A4 (E) Li{TZ), we have 



x—ayh 



\\z\\Li(M,£M:nr = ,inf^ ||^A/'(aa*)HlA/-llylli=o(Ai;iiCR.))> 
\\z\\li{m,£j^-;r)- \\y\\L^(M:L,(n))\\£N-{P* 

z — yp 

\VA\li(m,£h-:R)' = iiif ||^AA(aa*)^||^||2/|U„(X;Li(TC))||'S'A^(/3*/3)^||jv- 

z—ayp ^ 

Proof. Given x E M <E) TZ, \et x = aji/jbj with 

\\x\\L1{MXM;n) ~ \\<^l\\L2{^f)\\yl\\M'§,^z\\h\\L2{M), 
\\x\\Ll{M,£M;n) ^ \\a2\\ L2{M)\\y2\\ M®n WhW L2{J^) , 
\\x\\li{M,£m;1Z) ~ h3\\L2{Ar)\\y3\\Mm\M\L2{Ar) ■ 
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Here ~ means up to (1 + S) for an arbitrary S > 0. Then, we have 

{x,z) = tTM§)n{y]bjZ*aj) < \\yj\\_x4^Tz\\a*zb*\\L^i^j^^Tz) 

< l|ajllL2(A,)ll?/jlU®TCll^jllL2(B,) sup ||ajZ^j|lLi(A4®TC), 

ll«jlll-2(Aj)<l 
ll/3jlU2(Bj)<l 

with respect to anti-linear duality and where 

(Ai, Bi, A2, B2, A3, B3) - {Af,M,M,Af,AfM)- 

According to this, it is easily seen that the closure oi M ^ Li{TZ) with respect to 
the norm (for each j = 1,2,3) given by the supremum above embeds isometrically 
into the dual of L'(A^, f 71/; 7?.) with (•,j) = (r, 1), (c, 2), (s, 3). Therefore, it suffices 
to see that 

(3.6) sup \\aizPi\\L^(^M<g,n) = inf \\£Ar{aa*)^\j^\\y\\L^(M:Li{n)), 

(3.7) sup \\a2zl32\\Lr{M0s>n) = inf \\y\\L^(M;Li{n))\\£AfW* 

where ai,/32 € ^L2{^f) a-nd a2,l3i G Bl2{M)', as well as 

(3.8) sup \\a3zl33\\L,(M^n) 
0:3,^3 

inf \\£N-iaa*)m^\\y\\L^^M;Lim) W^J^W* f^)^\\j^ 

z—ayl3 

with Q!3,/33 £ B^^CAA)- Since the proof of p.6p and p.7p is quite similar to that of 
(|3.8p . we shall only give a detailed argument for the last one. Given a factorization 
z = ayP and ao,/3o G L2{M), the upper estimate follows from 

||Q:o2/3o|!Li(A^(g)-R) 

< l|aoa||L2(A^)ll2/IUoc(A1;iiCR.))ll/3/3o|lL2(A^) 

< l|ao||L2(A/')||'^A^(""*)^||A/'llyllLo=(A1;Li(7J))||'^^A/'(/3*/3)^||^ll^o|lL2(^^ 

For the lower estimate, we set 

|||z||| = ini \\£^{aa*Y^\\^\\y\\L^(M-Mm)¥j^^P* 

z—ayf3 ■'^ 

This expression defines a norm. Indeed, the positive definiteness follows from 

llklll > \\z\\L'^^{M;eM)'»A4L^{M;Li{TZ))(g)A4L%^{M;£Ar)^ 

while the triangle inequality can be proved following Pisier's factorization argument 
in [29l Lemma 3.5]. Given zq G Ai (E) Li{TZ), let us consider a norm 1 linear 
functional 

</)^o : (7W®Ll(7^),||| III) such that 0^,(zo) = |||zo|||- 

Note that we have 

II - II - 

\(l)zo{ayP)\ < \\SAr{aa*)\\^\\y\\L^{M:Li{n})\\Sj\f{l3*l3)\\^. 

In particular, we may apply — as in [16[ Theorem 3.16 + Proposition 6.9] — a 
standard Grothendieck-Pietsch separation argument to find states ipi and ip2 in 
A/"* with associated densities di,d2 in Li{J\f**), so that 

(3.9) \cl>zoiayf3)\ < M£^f{aa*))^\\yh^^M■Min)mi£^{P*|3))^ 

1_ 1 

= IMl'a|lL2(>l")llylUoo(X;ii(7^))ll/3c^llU2(X")- 
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We want to construct a norm one functional ip : Li{A4**^TZ) C with 

Let Cj — suppdj be the support of dj for j — 1,2. We know that the space 
Li{M**(E)TZ) = Li{M**)®Li{Tl) is given by the operator space tensor product. 
Therefore elements of the form 



E 

i,j.k,l—l 



with 



a||2||(a;fci)| 



aikkj Xki ® Utj 

"iyki)\\M,T.,ivM-^ < 1 



lA/„(Li(A4"))l|VW«'^llA/„(Li(7J))l 

are dense in the unit ball of Li{M**)^Li{TZ). Note also that 77 = {J2ki o-ikXkibij)ij 
is of norm < 1 in = Dec {Mn, Li{M**)) where decomposable refers 

to linear combination of positive elements. Thus we can find hi, /12 G L2{M**) and 
u : Mn M** in the unit bah of Dec {Mn,M**) such that 



aikXkihj = hiu{eij)h2. 



■ikl 

Recah that Dec{Mn,M**) = Dec{Mn,M)** and therefore we can find a net of 
maps Ms in the unit ball of Dec{Mn, M) such that hiu(eij)h2 = lim^ hiUs(eij)h2- 
Passing to convex combinations, we may assume that Ug^Cij) converges in the strong 
and strong* topologies, so that hiUsh2 converges to 77 in norm. If we assume 
additionally that ^ = 61^62, we may replace hi and /12 by eihi and /i2e2. According 
to Kaplansky's density theorem and the norm density of \/diA4** in 61^2(7^**), 
we see that \/diM is norm dense in eiL2{Ai**). Similarly, Ai\/d2 is norm dense 
in i2(A^**)e2. Thus we can find mt^, rht^ S A4 such that 



This shows that 



We deduce from 



Cihi = limij dlnit^ and /i2e2 — limt^ JTit^c?! . 



^ = limg limt^^t^ 2^ dlmt^Us{eij)rht^d^ ®yij. 
that for fixed s,ii,i2 



n 



< 



II - 

\\dlmt^\\^ 



\rhtM 



" ij = l 

Recall that (yij) £ Mn{Li{TZ)) has norm < 1. Since Us is decomposable we see that 
Us® id: Mn{Li{TZ)) — ?> Loo{.M', Li{Tl)) is a contraction, which is easy to check for 
completely positive Us- Thus we get 



Ms(ey) (g) yij 



< lks||dec||(2/^J)||J^J^(^^(7J•,), 



and therefore 



= lims limtj, 



n 



< 1. 
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Let us resume what we have proved so far. For fixed 71 G N we have shown that 
il){y/dim^/d2 y) = 0zo(m ® y) extends to a continuous functional on the Banach 
space projective tensor product eiLi(A^**)e2 ®-k Li{TV) such that 

n 



ISi"(Li(X"))l|VW'J^llA/„(Li(7?,)) 



Since left and right multiplications with ei, 62 are completely contractive, we may 
extend to Li{M.**) ®^ LiijV) satisfying the same inequality. This means ij} 
induces a linear map : Li{TZ) Li{M**)* = M°^** such that 

\\idM„ ® ■■ Mnin) ^ MniM''P**)\\ < 1 • 
Since this is true for all n G N we deduce that is completely bounded. According 
to Effors/Ruan's theorem [1 Theorem 7.2.4] CB{Li(n), M^p**) = TZ°p^M°p** = 
{Li{TZ'^M**))* . Therefore ip corresponds to a norm one functional on Li{TZ'^M**) 
such that 

i_ i_ 

ip{dl xdi (E)y) = <l>zo {x(E)y). 
Now we have to replace di,d2 € Li{H**) using an ultraproduct procedure. We 
recall from [161 Section 6.2] that we have a completely positive, completely isometric 
A^-bimodule map 

p■.L^{M**)^\{^L^[M), 

such that p* : ij\u Li{M))* — > {M°p)** is a conditional expectation. Thus 

p®id: Li{M**)®Li{n) W^Li{M)®Li{n). 

Therefore we find a norm one functional : Y\jj Li{M)^Li{TZ) — > C such that 

ip' o[p®id) = ip. The map p also induces a map pp : Lp{M**) Lp{M) which 

remains a Al-bimodule map. In particular, we get 

, 1 i 1 i 

p(dl a;d| ) = p2 {d^ ) x p2 (d| ) for x e M. 

Let us recafi that the inclusion L2{N**) C L2[M**) is defined with the help of 
the conditional expectation : M — > J\f, more precisely which is still a 

(maybe non-faithful) conditional expectation. We recall from [TBI Lemma 6.2 ii)] 
that p{Li{Af**)) C Li{N) and hence p2{\/dj) G Ylu L2{U). Therefore we find 

llkolll = 1-0' o (p (g) id)(d^2;od| ) I 

< \\p2{dl)zop2{dl)\\^^^^^^^^^ 

= lim,,j^ ||P2(dn,^oP2(d|)J|i^(_^g^) 

I|a|ll-2(AA).|I/3|U2(AA)<1 

This concludes the proof of p.8p . The argument for p.6p and p.7p is similar. □ 
Let us define the space 

lCl^{M,EM]n) = \Li{M;n) 

+ L{{M,£u;n) 

+ \/Ai^(7W,£A-;7e) 

+ \/Ai^(7W,£•A/';7^), 
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where Li{A4;TZ) is a shortened way of writing Li{A4; Loo{TV)). We shall often write 
^i.oo(^)- The norm of a; G K^i.ooC^) is given by 

The foUowing result probably holds in larger generality. However, this requires 
additional fine tuning on the assumptions. For our purpose, finite-dimensional TZ's 
are enough. 

Theorem 3.7. Let us consider a conditioned subalgebra M of M. and a finite 
dimensional von Neumann algebraTZ. Let {Aik)k>i be an increasingly independent 
family of top-subsymmetric copies of A4 over M . Then, the following estimate holds 
up to an absolute constant for any n>l 



k=l 



|2;||/cr.^(7j)- 



Proof. By the triangle incquahty 



(3.10) 



^7rfc(.T) (g) Sk 



k=l 



Li(^;£S,(7?,)) 



< n\\x\\L,{M;TZ)- 



li X = ayb with a G L2{M) and b e L2{M), then 

n n ^^1 

TTkix) = aTTk{y)nk{b) and 7rfc(a;) 4 = a{ y^^T^k{y)uk<^Sk) ( 7rfc(6*b) j ^ 



k=l fc=l 

where the UkS are contractions in A. This immediately gives 



fc=i 



(3.11) 



^nk{x) 4 



fc=i 



< Vn \\a\\L.^(^f\\y\\MmML2{M)- 



In fact, the same argument provides the remaining individual estimates 



(3.12) \\j2T^kix)®dk 



k=l 



< min 



ini^^/n\\x\\Lc(M,£j^;n), l|a:||Lf(A^,£A/;TC) }■ 



The combination of (|3.10l) . (13.111) and p.l2p shows that the upper estimate holds 
contractively. Let us now prove the lower estimate. Since TZ is finite dimensional 
we may characterize the dual space of ICi ^. Indeed, it follows from Lemma 13.11 
and Lemma 13.61 that 



max|||z||L^(Ai.i^(K)),yA^inf^ \\£Afiaa*)'^\\j^\\y\\L^(MiL,(n)), 

illf \\y\\L^{M;Li(n))\\£AfW*P)^\j^, 

z=yl3 

A ^ mf ^ \\£Maa*)^\j^\\y\\L.^{M,LAn)) 13)^1 j^} 
= Asup{|tr(x*z)| I ||.t||^.^ < l}. 
Since the embedding of JCi ^ in its bidual is isometric, we deduce from Lemma 13.41 

n 

Micl^in) ^ ^Mj^_,{L,{n)r ^ 16e ^7rfc(a;)«)4 



fc=i 
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We used X = n/6 and S = l/8e so that 1 — AeS = i. The proof is complete. □ 

4. A VECTOR-VALUED EMBEDDING RESULT 

Given two von Neumann algebras A4 and TZ as in the previous section, our aim 
now is to find a complete embedding of Lp{Ai;TZ) for each 1 < p < oo into an 
ultraproduct of the form 

Moreover, for our applications we also need some additional information on how 
such an embedding is constructed in order to maintain the notion of independent 
copies. In the following, Xm will be an operator space containing A4 as a two-sided 
ideal. Then we may define 

L2p{M)XmL2p{M) = Llp{M) ®M,h Xm ®mji Llp{M). 

We will also work with subspaees and quotients of 

{M®Ll{M)) ®M,hXM®M,h {M®Ll{M)). 

Our main tool is a standard modification of the so-called Pisier's exercise, see 
and |30[ Exercise 7.9]. In other words, a way to reformulate complex interpolation 
in this setting. We follow the same approach as in [TSJ US]- Indeed, let S be the 
strip of complex numbers z with < Re(2) < 1 and let 9o U di be the partition 
of its boundary dS with dj the line of z's with Re(z) = j. If < 61 < 1, let fjig 
be the harmonic measure of the point z = 9. This is a probability measure on the 
boundary dS (with density given by the Poisson kernel in the strip) that can be 
written as /.tg = (1 — 6)ijlq + Ojii, with fij being probability measures supported by 
dj and such that 

(4.1) f{e) - / fd^le 

JdS 

for any bounded analytic / extended non-tangentially to dS. Let 

SU = (M®Ll{do)) e {Ll{M)®hL'i{di)). 

The von Neumann algebra tensor product used above is the weak closure of the 
minimal tensor product, which in this particular case coincides with the Haagerup 
tensor product since we have either a column space on the left or a row space on 
the right. In particular, the only difference is that we are taking the closure in the 
weak operator topology. The direct sums will be taken Hilbertian. Then, if 7W 
comes equipped with a normal strictly semifinite faithful weight if) and denotes 
the associated density, we define Hg(A^) as the subspace of all pairs (/o,/i) of 
functions in S^j^^ such that for every scalar-valued analytic function g : iS — >■ C 
(extended non-tangentially to the boundary) with g{9) ~ 0, we have 

{1-9) f g{z)dl,foiz)dfio{z) + e f 5(z)/i(z)d/ii(z) = 0. 

J do J d\ 

Similarly, the condition on H^(A^) C is 

{l-e)( giz)foiz)dl,dtioiz) + e [ 5(z)/i(z)d/ii(z)=0. 

do di 
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We shall also need to consider the subspaces 

H..0 = f (/o, /i) e H^(A^) \{l-0) f dbodfia + e f hdfi, = 0|, 

Jdo Jdi 

Hc,o = {{foJi)eH'e{M)\{l-e) f fodldfio + f /i^Mi = o|. 

Jdo Jdi 

We define the A^-bimodules 

nr{M,9)^Hl{M)/Hr.o and ^.(X, (?) = H^(X)/H,,o. 

Remark 4.1. We may think of 7ir{M,9) as the space of + i2(-^)-valued 
analytic functions / on the strip, with /(9o) C Ai and f{di) C L2{Ai) quoticntcd 
by the equivalence relation /i ^ /2 iff both take the same value at 9. A similar 
observation holds for Hd-M, 9). It is somewhat encoded in the proof of Proposition 
Ithat indeed 



Hr{M,9) ^ V^piM) and Hc{M,9) ^ L^^piM). 
In the following we use the notation 

UeiXM) = nr{M,9) (E}M.h Xm ®mm Hc{M,9). 
Lemma 4.2. Given 1 < p < oo, we have a contractive inclusion 

5^^,L2p(M„ ® M)Mrn{XM)L2p{Mra ® M)S^p, C i?„ ®h Hi (Xm) ®h Cm- 

Proof. We claim that the inclusion 

S'^'p,L2p{M^ (E)M)CRm (E}h Hr{M, l/p) ®h Rm 

is contractive. Let x = ab he such that a G S2pi and b G L2p{Mm ® M) are norm 1 
elements. Using the fact that R„i®h'Hr[M.^ l/p)®hRm is a right Mm(7M)-module 
we may apply polar decomposition and assume that a and b are positive. Indeed, 
write ab = |a*|M(i6 = |a*||6*u*|uab and use that 



a 



lap/ = l|a||2p' and || ||2p < ||6||2p. 



Define the analytic function f : z e S t-^ a^^ with /(i) = x. If we set 

fj = f\g ^ it is clear that 

\\A\R^(l>hH,^(M,l/p)®hRm. 

= ((1 - |) \\fo\\R^,g,^(L^(do)^M)(ShB.r^ + p ll-/'lll??™®h(i5(ai)(x)ftL-(7M))«)hfl:™) ■ 

The space Rm <E}h {L2{do)(E)Ai) (E}h Rm is completely isometric to 

(i?,„ ®h Rm) ®M„,M {C„i ®h {L2{do)®M) ®h R,n) ®M^,h (C,„ ®h Rm) , 

which in turn is isometric to S^Loo{M,n <E) M; L2{do))- On the other hand, given 
any z € 9o we have that f(z) = a'' Uz with being a unitary in Mm{M) for each 
z £ do. Hence, we get 



m\L^{M„,(g)M;L^(do)) 



do 



dfio{z)) ' 
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an^l ll/ollL®.(ii(ao)®^)®.i?™ - - 1- Moreover, it is easy to check that 



J di 

Putting ahogether, we deduce our claim. Similarly, 
holds contractively. Therefore, the assertion follows from 

Rm ®h'Hl{XM) ®h Cm 

V 

= (i?m <»h Hr{M, l/p) ®h Rm) • Mm{XM) • (C™ (E)h H^M, 1/p) ®h Cm) ■ 

where the symbol • stands for the amalgamated tensor product ®Mr,^{M},h- D 
Proposition 4.3. We have a complete isometry 

LJM-^n) ^T-iiiM^n) for each l<p<co. 

P 

Proof. We have 

Sr{Lp{M;n)) = S^p,Lp{Mm'E>M;TZ)S^p, 

= S^p,L2p{Mm <8 M)Mm{Mm)L2p{Mm ® M)S1^^, . 
Hence Lemma [4.21 implies that 

S'^iLpiM-.n)) c Rm ®hniiMm) ®h C,n = 5•^(Hi(X®7^)) 

p p 

is contractive for all m. Therefore, the inclusion of Lp{J\4;Tl) into Hi/p{M(E)TZ) 
is a complete contraction. To complete the argument, we proceed by duality and 
analyze the inclusion 

(4.2) Sl''{Lp,{M;Li(n))) C (>^®7^))^ 



As in the proof of Lemma 14. 2| we may factorize x = abscd with a,d G and 
fe, c € L2p' (Mm'SiM) positive norm 1 elements and s being a not necessarily positive 
norm 1 element in Loo{MmiM)', Li(TZ)). Let us now consider a norm 1 element 
y £ Mm{'Hi/p{M.®'TV))- Then we may find an analytic function ^ ~ aw/3 in the 
equivalence class determined by y such that 

• We have w G Mfc(A1(§)7?.) for some k > 1 and 

a = (ao,ai) £ Mm.k{Ll{do)^M) ® M„^fc(L^(9i) (^h L'^iM)), 
p = (/3o,/5i) G Mk,m{M®Ll{dQ)) ® Mu,n{L'2{M) ®h L^(ai)). 

• The estimate \\w\\ i^i^^i^m^-ji) < 1 holds and 



< 1, 



< 1. 



((1 - Y,)\\o^o\\M^^(L-{da)^M) + pll'^lllM,„,fc(L-(9i)®hL5(A^)) 
((1 - Yj)\\M\M^^(M(^L-iao)) + p\\l^^\\Mk.m{L?,{M)(S)hL^{di)) 

By adding zeros if necessary, we assume m ~ k for simplicity. As in Lemma [ 
may define g{z) = a^Pb'^^~^^P sc'-'^"^^^' d^P. Note that g is also analytic and hence 
the identity below holds 

(^,y) = (5(^),C(|))= / (.9(z),CW)dMiW- 
JdS " 
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Now we claim that 



do 



(4.3) / {giz),az))d^ioiz) < (/ aoizyaoiz)dfioiz)y 

J da 

( / i3q{z) f3o{z)* dfio{z)) '■ 



do 



Mm.(M) 



Indeed, since (7|g^ (z) = u^fe^ sc^ with Uz, Vz unitaries and h, c, s, w are norm 1 
{9{z),£.{z))dii^{z) 

tr(w/3o(z)w^c^ s*V m*q;o(z)) d^o{z) 



do 



do 



< A 



M™(A<) 



Mz) Mz)* d^^oiz) 



Mr^{M) 



where 



^ = \MM„,iM0S,1Z) sup ||w^cP S*6P = A1A2. 

We have Ai < 1 by hypothesis, while Holder's inequality gives 

A2 < \\c'' \\l2{M^{M))\\s*\\l^{M^{M):Li{K))W \\l2{M,„{M)) < 1- 

This proves (|4.3p . Similarly, we have 



di 
< 

< 

< 



di 



{g{z),^{z)) dni{z) = / (uzSVz,aPai{z)wl3i{z)dP dfii{z)) 

Jdi 

aPai{z)wl3i{z)dP\\^^^j^j^^^j^y.j^^ d^ii{z) 

- r - 

1^ \\aPai{z)\\ldtii{z)y\\w\\M^(Mm){ 1^ \\l3iiz)dP\\ldni{z)y 



di 



di 



trM{ai{z)ai{z)*) dfii{z) / tr^^ (/3i(z)*^i(z)) (i/ii(z) 



M. 



di 



Mrr 



In the last inequality we use that a, d are norm 1 in 82^- Summarizing, we get 

(.9,0 d^ii 



\{x,y)\ < (1-i) / {g,Odf^o 

J do 



di 



< (1 ~ |) lko||A/,„(L=(ao)®X) ll/3o||M„(A4®L5(ao)) 

+ ^ ll"l|lA/,„(L5(ai)(x)fcL5(M)) ll/3l|U/„{L-{M)«ihL^(ai)) 

< f(l-i)ll«o|P + i||ai|p)V(l-i)||/3o|P + i||/5i|p)' < 1 



Therefore, the inclusion (|4.2p is contractive and the assertion follows by duality. □ 

Theorem 4.4. Given 1 < p < 00 and M.,TZ as above assuming in addition that TZ 
is finite dimensional. Then there exist states 4>n on M„, positive integers k„ and 
elements ^„ e Li(Af„) such that we have a complete embedding 

xeLpiM^n)^ (^Y.<ns{^n^x)®s,^ el[^^^L,{^UMr-'^■,etm)■ 
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Proof. When restricted to analytic functions, the operator A{f\gg) ~ f\Q^ is 
densely defined and injective. In combination with (|4.ip . this allows us to see the 
subspace of analytic functions on S vanishing at 1 /p as the annihilator of the graph 
of A, conveniently regarded as a space of analytic functions. The reader is referred 
to [T5j Remark 2.2] for further details. Moreover, it is also observed in [15] that we 
can replace A by a strictly positive diagonal operator on £2 without changing 
the operator space structure. In other words, we have complete isomorphisms 

Ur : (L^(9o) ® L'^idi)) /{/ analytic s.t. /(i) - 0} ^ (C © R) / graph{d^Y , 

: (L^(ao) © L^(ai)) /{/ analytic s.t. /(i) = O} ^ {R ® C) / graph{d^Y ■ 

For further reference, we set = Ur{l) and = Uc{l), where 1 denotes the constant 
function 1 on the strip. Here dx : £2 ^ £2 is a diagonal operator dx{Sk) = \kGk with 
< Afc < 00 and the fact that we may consider the same operator in both cases is 
also justified in |15j. The exact same argument mentioned above shows that, if we 
tensorize with the identity map, we also obtain complete isomorphisms 



graph{d^^] 



: 5^/H,,o ^ [{M<E)R) © (L^M) <E>h C)\ / graph{d-Y ■ 

Let us define 

nriM,l/p) = Urinr{M,l/p)) and n,{M,l/p)^u,{nc{M,l/p)). 
As in [T3], we observe that 

{C®M) © (i? ®h LliM))] / graph{d-^)^ , 



(Mm) © {L^2iM)<E)h C) 



graph{d^^)- 



can also be understood as /C-spaces. Indeed, if we use anti-linear duality, we have 



g i? in the first case and d^^^ : x € R 1-^ {xd^^Y € C in 



d^^ : X € C ^ {d], 

the second one. This means that graph{d^^)-^ is spanned by elements of the form 
(—d^^x, x) in the first quotient and by (~xd'^^ , x) in the second one. In conclusion 
this allows us to cb-embed 

[ur(E)id(S)Uc]{Hi.{M(E)TZ)) = HiiM^TZ) 

= HriM, l/p) ®M,h {Mm) ®MM ndM, l/p) 

into a four term /C-spacc K,\ with norm given by 



inf 



.-.SI 



where the spaces Ei, E2, E3, E4 are given by 
El = M®B{l2)®'R, 
£2 = Ll(7W®S(£2);7^), 

Eg = Ll{M®B{i2))®Mm(t2).h{M®B{l2)®n), 

E4 = (M®B{l2)®n)®Mmi^),hL2{M®B{£2)). 

Indeed, all these spaces can be essentially obtained by applying Remark [2?2l For 
instance, to obtain E4 we have to show that the given space comes from the choice 
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C(^M and L2{M) C for the left and right spaces. More concretely, we have a 
completely isometric embedding of 

(C(g)7W) <»Mji iM<^TZ) ®M,h iL2iM) ®h C) 

into E4. However, according to Remark 12.21 we may embed it cb-isometrically into 

{C^M (E)h R) <^Mm{i2),h (C®h M®n(^h R) (^Mm{e2),h {C®h L^iM) (^h C) which 
in turn embeds in 

This completes the argument since the latter space is E4. On the other hand, since 
TZ is of finite dimension (m say) wc know that topologically we may write /C^ as 
follows 

ICl ~ {{M<E>B{e2)r)* n{d^'Mm{£2)d]:^r 

n {d-^L2iM®B{e2)))"" n {L2{M®B{e2)d^^y'' 

n {d^^L2{Mm{i2)))'" n {L2iM®B{i2))d^^)"' . 

Here we used the fact that a matrix [xij] with Xij G Ai C Li{Ai) belonging 
to {M'SiB{£2))** already belongs to ii(A^ (8)^(^2))- Let (p„)„>i be an increasing 
sequence of orthogonal projections commuting with and converging strongly to 
1. Then we deduce that for x G JCx lim„_j.oo {pnXPn,y) = {x,y) because we can 
use convergence in the norm of Li or L2 on at least one side of the bracket. Using 
a weak*-limit we obtain 

= \\x\\k." <lim||(l®p„(8)l)a;(l«)p„«)l)|| < ||a;||^^ 

for any free ultrafilter U on the integers. Therefore, allowing to take ultraproducts 
(as we do) in the final space, it suffices to consider the finite-dimensional case where 
B{i2) is replaced by the matrix algebra AIn. Define on M„ 

Since the original is unbounded, we may assume that '^f.X^ > 1. Then, by 
approximation we can indeed assume that '0n(l) = k„ is an integer, see |15j for 
more details. If d^,^^ and d^^ stand for the corresponding densities, we clearly have 



TL 11 

V'n^ ^ aijCij^ = ^ ckfcfc and 0„(a;) 



= d^,^ = VKd^^. 
In particular, we may replace IC\ by /C„ with 

II - - II / — - / — - 

\\x\\ic„ ^ _mf ||a;i||E„i+k„ ||d^^X2d^^||£^^ + Vk„ ||rf|_,a:^3||E„3 + Vkn ||a;4d^^||E^^ 

and where E„j is the result of replacing in Ej the algebra B{£2) by Af„. We can 
identify this space in the terminology of Theorem 13.71 Namely, if we fix a positive 
integer m and set £m = id ® 4>n ® V ■ M,n (g) M„ (g) 7W — M,„, then it is easily 
checked that we have the following isometric isomorphism 

5r(/C„) = /C^r^ (M,„„(7W), n) . 

For instance, according to Remark |2.2[ 5™(E„3) can be written as 



R„,®hL^2iMniM))®hRm ®M,„„(M),h Cm (Sh M„{M®n) (g)h R^ 
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which in turn is cb-isometric to 

In other words, we obtain the space L\{M,rm{^) i ^nuTV) ■ The term E„4 is handled 
in the same way while the terms E,ii and E„2 are even easier. Applying Theorem 
13.71 for tensor copies, we have an embedding 

k„ 

X e JC\:^{Mran{M),8„-,-Tl) ^Y^^nsix) ® 5, G Li ( A„,„ ; (7^)) , 

J = l 

with Am,n = ® Mn{M.)®^^ . In particular, this produces a cb-embedding 

k„ 

with relevant constants independent of n. Finally, the construction of our complete 
embedding is as follows. Wc first apply Proposition 14.31 and then we proceed as 
above. Namely, ii u = Ur id <Si Uc, wc have 

Lp{M;TZ) Hi (Mm) ^ Hi (Mm) [j JCn 

n>l 

and we have constructed a complete embedding 

n>l 

Let Qn ■ B{£2) Mn be the projection into the upper left corner and let us define 
the element ^„ = qn£,r<lnS,cQ_n G Li{Mn)- Since u{j{x)) = u{\ ® x) ~ ^r£,c ® the 
form of the embedding u'„ o uo j is the one given in the assertion. □ 

5. Mixed-norm transference and applications 

Given a Hilbcrt space we shall write T-Lr and He to denote the row and 
column operator space structures on %. Accordingly, T-Lrp and "Hcp stand for the 
complex interpolation spaces \Hr,'Hc\i/p and \Hc,'Hr\i/pi respectively. Let us fix 
1 < P < 9 ^ oo and n > 1 a positive integer. By Pisier's exercise [3D] and some 
refinements |12[ I15[ I43j , we may construct complete embeddings 

for suitable measures and Vq on a finite set 51 = {1,2,..., m} with m depending 
on n. In fact, an elaborated version of this result was already used in the previous 
section. A much more concrete approach is available in |171 Lemma 2.2]. Let 
Hi = H.q{i\ and Vi = = Ai/ii for some A^ > 0. Let us write cIa for the diagonal 

operator on determined by the A^'s. That is, cIa = 'Ylik^k^kk- The symbol + 
above refers as in the previous section to the quotient of the direct sums 

L'i{^l,iiq-q)®Ll-{^l,Vq-ei) and Ll{^, ^lq■ i^) ® L^- {^,Vq- T^) 

by the subspace 

S = [ {cLij, — Aj ^ a.y) |l<i<m, I < j < nX. 
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More concretely, in the first case a = (atj) G L2(r2, /i^; i'2 ) is a column with m 
entries in while in the second case a = {aij) £ i2(^7 /^<?i ^2 ) ^ row. In 
particular, we may write S in each case as follows 

So. = [{a,~d-Ja) I a G L'^{n, e^)} = {( -dja,a) | a € ^i,; 

Sf, = {(a,-ad-^) I a e L^(f}, ^^)} = { ( - adj , a) | a £ ^^)}. 
The embedding is of the form 

aq{a) = In® a + Sa- 
The formula for /3q is the same. Let us define 

Sep = So.<E,h [L-2i^, fig; e^)®Ll''{n, v.-q)) + ^i^- i^)®Ll''{n, v,- q)) ®hSp. 

Lemma 5.1. If 1 < p < q < 00, we have a cb-embedding 



n n m 



+ Saf 



k=l k=l ij=l 



Proof. It follows from our considerations above and £^ C Rg. □ 

The embedding Vq is special in the sense that its range is contained in the 
subalgebra Mm (8) after a suitable change of variables. To explain this we 
recall that fJ.q{i} = fJ-i and Vq{i} = Xifii. Therefore, the map 

is a complete isometry. To respect the sum operation, we have to apply j also 
on L2 iP-Ti'q] (.2)- If ^ stands for the measure on SI given by A{i} = Ai, we find 
another complete isometry j : Lj*" (SI, /i,; ^2 ) -^2'' (^1 -^i ^2 )■ Hence, applying the 
same argument for the other side and using the terminology 

Ll-{n,\;ei) ^ d|C™" and (S7, A; = i?™"d|, 
we find a complete isometry 

J : (L§(r!, M,; e^) ® i'g; ^^)) ®h {Li{^, fiq,ei) ® Ll-{n, vq- e^)) 

with J = (8) (j,.?). Passing to quotients, we may replace © by +. The key 

observation here is that algebraically we have J {vq{£q)) C Mm ® P^. Indeed, note 



(5.1) ® Gkk = ( X! 



Before we proceed with our next result, we review the /C^ oq(M„i, </>) space given by 
a state </>. In this case, given any pair u,v € {2p, 00}, the inclusion map 5^" C S"™ 
depends on (f>. Indeed, we may and will assume that (f>{x) = ipkXkk- Then, the 
density is indeed a diagonal operator with coefficients (pk and we have Kosaki's 
embedding 

j_ _ 1 1 1 
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Therefore, we find 

l|a^lk^,„(M„,,^) =inf {ki^llx^lls™ +k*||x-2||s™ +k*||x-3||s™ +11^ 

j_ j_ 1 1 

where the mfimum runs over x = + x'^d'^ + + ^'^^^ ■ This gives 

1_ 1_ 

where this time the infimum is taken over ^''xd^ = x^ + x'^ + + x'^. A 
similar calculation applies in the operator-valued setting. In the following result, 
we shall use the notation 



Lemma 5.2. Let us consider a von Neumann algebra M, positive integers m,n, k 
and a state <f> on M„i. Let £m ■ M,n{.M) ^ — > A4 stand for the conditional 
expectation 

k n _^ k n 

EmI'^'^Xij (g) 6ij] = — r 5Z X] ® id{xij). 



nk ■ 

1=1 j=i 1=1 j=i 

Let TZ ~ MmiM) ® ^Sd consider the space defined by 

Lp{M;£UMm)) + d^^L2p{n)L^p{M) + L2p{M)L2p{n)d^^ + dt^L^{n)d^^. 
Then the following identity holds 

k 71 



y V df Xj dl" ® Sii = V a:, ® S, 

I — 1 J — 1 J — 1 



Proof. The subspace of sequences 

with every xj repeated k times is complemented in K.p"^{Mm{M) ®£^,£m) since 
it is complemented in the four spaces composing it. Let us assume for simplicity 
that M. has a normalized trace r. Our reference state and trace in the construction 
of the Haagerup Lp spaces are 

^ k n ^ ]<. n 

i'ixij) = ^ X! X! 'T'ixij) ^^nd tr(a;ij) = ^ X! X! ® '^(^ij)- 

1=1 j=l i=l j=l 

The density is given by d^ = d,/,® 1m and letting M^mn = Mm{M-) (K) £^ we have 
^p:^(-^k™„,fA^) = (nk)? dfLp{M^^^)df 

+ (nk)5^; df L2piMkmn)L2p{M) + (nk)* L2p{M)L2p{Mkran)d^ 
+ L2piM) L^iMkmn) L2piM) = Z1+Z2 + Z3+Z4. 

This means that 



" _L _L ■* II 

y y dl" Xj d'/ ® S^j ^ = inf y y ® 
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Let us compute the four norms 



Xj (X) Sij 



E 



Zi 



ink) 



E 



V 



= ^^llE- 



inf 



E ll^-''lli^p(M„(M)) 



\b\\L2:piM) 



n 



IE 



ldJ^L2pCR)L2p(A^) 



inf J|a|!L2p(Al) sup \\zj\\M„4M)\\b\\L2p{M) 



E ® <Sj 



Lp(7W;£^(M„)) 



The Za-term is calculated as Z2 ■ The proof is complete. 



□ 



Theorem 5.3. Let 1 < p < q < 00 and set m = |0| as above. Then, there exists a 
state 4>ra on Mm and a positive integer km such that we have a complete embedding 



given by the relation 



■ t 



Om ) 09 Oij , 

j=l 1=1 j=l 

where am = fi)ri(p, <?) G Mm- The relevant constants are independent of m and n. 

Proof. By enlarging m if necessary, we may assume that Af = km is an integer. 
Then we define the normalized state (j)m{x) = k~^ X^xu. We observe that for 
arbitrary elements Xj € Mm Lp{Ai), the right hand side of Lemma \E7I\ coincides 
with the norm of diagonal sequences (i.e. mn x mn matrices which are diagonal on 
its n-component) in the space 

Lp^M; {Cmn + d|C™") <E,h (i?,„„ + i?7'd|)) . 

Indeed, we use the properties of the Haagerup tensor product and the fact that 
projection onto the diagonal M„ — ?> is completely contractive with respect to all 
the four interpolation norms. The embedding is given by u o (ic?^ (g) ( J o Vg)) 
where u is the first map from Theorem 12.41 for q = 00 and kmn instead of n. Note 
that u is well-defined because of J{vq{i^)) C Mm ® ^So- Moreover, identity (|5.ip 
tells us that 



d 



2p ( 



with k'm < km. The proof is complete. 



□ 



Remark 5.4. The constants in Theorem 15.31 are also independent of p, q as far as 
we do not have p — >■ 1 and g — 00 simultaneously. The use of Theorem l2.4l produccs 
such singularity, see Remarks 12.31 and [ 2.51 for further details. 
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Proof of Theorem B. Let us consider 

n 

fe=i 

According to Theorem 15.31 the following equivalence holds 

n n 



A;=l 



ip(-4;J 



i=l j = l 



with B = *'kmn{Mrm4'm)- Applying the complete embedding that we constructed 
in Theorem 14.41 to the term on the right hand side (note that both Theorems 14.41 
and 15.31 provide constants independent of m and n) we obtain a new term in the 
ultraproduct 

of the following form 

i—1 j—1 lu — l 

for a fixed family of matrices G A/,. On the other hand, we have 

ij j i 

free " '^/ree ° ^/ree 

by the transitivity of free products, see e.g. Proposition 2.5.5. in [IT]. Therefore, 
and amalgamate over , we may rewrite the term above 



if we let a," 



jree 



as follows 

(km n k.. 

Then, arguing as in the proof of Lemma ll.2l (in particular part i), we obtain 



I k„^ k^ 



free \ 



r)) <E) Si: 



with OLj a tensor amplification of aj. However, according to Lemma ll.2l i) the Sj's 
provide an increasingly independent family of top-subsymmetric copies over the 
symmetric tensor product of Mg. Hence, we are in position to apply Theorem 13.71 
with TTj replaced by oij and TZ = Again, the constants are independent of 

the involved parameters. This gives us a new term which does not depend on the 
choice of the morphisms Sj, so that we may use 



^}ree ® ^}ree 



instead. The assertion is then obtained by calculating backwards. 



□ 



Remark 5.5. If wc do not require the constant to be {p, g)-independent, Theorem 
B also holds for p > g by a simple duality argument. The singularity arises in this 
case from the complementation constant of the subspace of independent copies in 
Lp{A;£g). As for (Spg), this singularity is not removable. 
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Corollary 5.6. Let 1 < p < q < oo and let {A4k)k>i be an increasingly independent 
family of top-subsymmetric copies of M over M . Then, we have an isomorphic 
embedding 

n 

k=l 

with complemented range and constants independent of n. In particular, replacing 
{M,M ,£m) by {Mm{M), Mm,idM^ (8) if) so that A ~ M„i{Tl) for some TZ, we 
obtain a complete isomorphism with completely complemented range and constants 
independent of n 

n 
k=l 

Proof. It follows immediately from Theorem 12.41 and Theorem B. □ 

Remark 5.7. According to Remarks 12.31 and 12.51 we know that, except for the 
case {p, q) ~ (1, oo), the constants in Corollary 15 .61 are also independent of p, q. On 
the other hand, since we are using transference, we need to work with independent 
copies. In the free case we can also work with non i.d. variables, see Theorem 12.41 

The rest of the paper is devoted to the proof of Corollary B. We begin by stating 
a refinement of [13l Theorem 4.2] which follows easily from our previous results in 
this paper. We shall write Lp{Mn) for the Schattcn class Sp equipped with the 
normalized trace — tr„ . 

Lemma 5.8. Let 1 < p < q <2 and a positive integer n> \. Then, the following 
mapping is a complete isomorphism onto a completely complemented subspace with 
constants independent of p,q and n 

1 

^pg-.xe L,(A/„) ^ —J2t:1^^{x) ® 4 e LpiM^„2;ef). 

fc=i 

As before, ifl'£p<q< oo, the same holds with a singularity when {p, q) ^ (1, oo). 

Proof. According to Theorem 4.2 and Remark 4.3 in [T3], the assertion holds for 
1 < p < q < oo with a constant Cp majorized hy p/p— 1. The fact that it also holds 
for p = I now follows from Theorem 13.71 and the argument in |13| . The universality 
of the constants follows by Corollary 15.61 + Remark 15.71 followed by the original 
argument |13| again. □ 

Remark 5.9. The choice m = in Lp(M„m;£™) is optimal, see [T3] for details. 

In what follows, we will need some preparation on ultraproducts of semifinite 
von Neumann algebras. Let {Mn) be a family of semifinite von Neumann algebras 
with normal semifinite faithful traces (t„). We may define Tu{xn) = linin.^^ r„(x„) 
on the ultraproduct von Neumann algebra 

Let us set 

7 \ T™' 

= \\qnXnqnY \ limn,wT„(9„) < OO, (a;„)' e M.u\ 
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Then it turns out that Mu.sf is a seniifinite von Neumann subalgebra of Aiu and 
Tuiixn)*)) = hnin^iY T„(a;„) defines an trace on Mu.sf- An appropriate way to 
check this consist in checking the axioms of a (tracial) Hilbert algebra 



A 



|(a-„)' I hm„^;^ ||a;„|| < oo and hm„^iY r(2;* x„) < ooj, 



where (a;„)* corresponds to the equivalence class of a bounded sequence of positive 
elements in (Yiu Li{M.n))* ■ Then tu can be extended to a normal semifinite trace 
on Aiu,sf viewed as the closure of A in the GNS-representation of the Hilbert 
algebra. We refer to |36j for more on ultraproducts of noncommutative Lp spaces 
and how they can be identified as a noncommutative Lp space -/jp((Jlw ^i(-^n))*)- 
Let ^is{x) stand for the generalized s- numbers of x, see [5]. The following will be a 
key result below. 

Lemma 5.10. Let (xn) be a bounded sequence in Lp{Mn) such that 

lim lim„.2^ / fis{xn)^ ds ^ = lim liiRn^u / fis{xnT ds. 

Then we have {x„)' G Lp{Mu.sf)- Moreover, the converse is also true. 
Proof. Given e > 0, we choose 7, S such that 



Yds, / ^s(x„)^ds| < e/2. 



max 

/o 

It is clearly no restriction to assume that the positive elements. Let us set 

a„ = li-yixn) and b„ = Hs{xn)- If qn = l[a„,b„] (a;„), we observe that T(g„) < 7 and 
that z„ = qnXnqn IS boundcd by b„. Note that d^fisixn) < |la;?i|lp implies that 

\irabn<S'P\im\\xJPp 

n.lA n,U P 

is well-defined. Therefore (zn)* G Aiu,sf- The first assertion then follows from 
\\xn — J/n||p < £■ For the converse wc observe that Aiu.sf is norm dense in Lp{Aiu) 
and the assertion is trivially true for (a;„)' in A4u,sf- The proof is complete. □ 

Proof of Corollary B. Ifl<p<(7<2, wc shall prove: 

a) There is no cb-cmbedding of Rq + Cq into semifinite Lp. 

b) Let TZq stand for the hyperfinite IIi factor and assume that there exists a 
complete embedding of ^q into Lp{^A) with M semifinite. Then, Lq{TZo) 
cb-embeds into some semifinite Lp space. 

The combination of both results gives rise to the assertion. Indeed, we know from 
the noncommutative Khintchine inequality [21] that Rq + Cq cb-embeds into Lq[0, 1] 
which also cb-embeds into Lq{Ti.o). Therefore, we deduce from a) that there is no 
cb-embedding of LqlTZo) into semifinite Lp. Apply b) to conclude. 

Step 1. The proof of a) essentially reproduces Xu's argument in [43]. Assume 
there exists a complete embedding j : Rq + Cq ^ Lp{Ai) with Ai semifinite and 
equipped with a normal semifinite faithful trace r. Let 

J* ■.Lp,{M)^ RqHCq 

denote the adjoint mapping. Since RqHCq can be regarded as the diagonal subspace 
of Rq ® Cq, we may write j* = (Ai, A2). Since Ai : Lp'{M) — >■ Rq is completely 
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bounded, we deduce that there exists a positive unit functional / G Lpi /2{-M)* such 
that 

\\Ai{x)\\R^<cfixx*)"-^fix*x)^ with l/q={l-0)/p + e/p'. 

This was proved by Pisier [35] for p = 1 and by Xu [33] for 1 < p < 2. Wc also 
refer to [331 Lemma 5.8] for a precise statement. When p > 1, f can be regarded as 
a positive element in the unit ball of Lp/(-2_p)(A^) while for p = 1, f can be taken 
as a normal state on M. since Ai is normal, see [31] for details. In particular, we 
deduce 

||Ai(x)||i?, <cT{fxx*)"-^TUx*x)i. 

Arguing as in the proof of Theorem 5.6 of |43| . we may apply an approximation 
argument which allows us to assume that Ai is finite and / = \m ■ In that case our 
estimate for Ai becomes ||Ai(a;)||fl,j < ct{xx*Y^'^ . Moreover, the same argument 
for A2 produces 

(5.2) r(:r)||H,nc, =max{||Ai(x)||«„||A2(x)||c,} <cr(xa.*)i 

This provides a factorization j* — v*u* with u* : Lpi{Ai) L2{Ai) the natural 
inclusion map. Arguing (twice) as in [43], we see that u* becomes a complete 
contraction when we impose on L2{Ai) the o.s.s. of L^"" (A^) H L^''' (Ai). On the 
other hand, it follows from (j5.2p that v* is a bounded map between Hilbert spaces 
so that V G Soo- To conclude, we note that j — uv provides a factorization 

Rq + Cq > Rp + Cp > i{Rq + Cq). 

By a simple modification of @3l Lemma 5.9], we deduce that 

U e CB{Rp + Cp,Rq + Cq) = S2pq/\p-q\ ■ 

Thus, the identity on Rq + Cq belongs to S2pq/\p-q\ which contradicts 1 < p < q < 2. 

Step 2. Assume that there exists a cb-embedding jp of £q into Lp{A4) for some 
semifinite von Neumann algebra M equipped with a normal faithful semifinite trace 
r. According to Lemma [5.81 and our assumption, we find a cb-embedding 

1 

ur^p : X e L,iM„) ^ _^,rL,(x)®4eip(M>=;^f) 

k—1 

1 

fe=l 

Taking ultraproducts, we find a cb-embedding 

Wp : L,(7^o) ^ Y[^^^Lp{M^-' ^M) = Lp{Mu)- 

On the other hand, by our assumption we may regard as an infinite-dimensional 
subspacc of Lp{A4) not containing £p. According to the noncommutative form 
[14j of Rosenthal's theorem, given any p < r < q we may find a positive density 
d G Li{Ai) with T{d) = 1 and a embedding jr : iq — !• Lr{A4) satisfying 

(5.3) jp{x) = dp~~jr{x) + jr{x)dp~~ . 
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Let us consider the map 

Unr ■ X G Lq{Mn) 



1?/ 



k=l 



k=l 

The first half is a complete embedding by Lemma 15.81 The second one is not 
necessarily bounded since jV is not necessarily completely bounded. However, it is 
easily seen that the composition of both is an isomorphic embedding. Namely, we 
may clearly assume that x S Lq{Mn) is self-adjoint. In that case, 

•A-x — (^t'eTis(^))i<fc<„2 

is a commutative von Neumann algebra. Thus 



1 " 
1 



k=l 



We may take ultraproducts again and consider 

Wr : LqiUo) ^ TT Lr{M®-^ ®M)= Lr{Mu)- 
If (5 = (<5n)* with 5n ~ 1a/ 2 ® and according to (|5.3p . we have 

(5.4) Wp(x) = 5p^~ Wr{x) + Wr{x)5p~~ . 

We claim that Wp{x) belongs to Lp{M.u.sf); the semifinite part of Aiu^ for any 
X e Lq{TZo). It suffices to check that the limits of Lemma [5.101 are zero. We do it 
only for S^^'P^^^'^Wr{x), since the term Wr{x)S^^P~^^^ is estimated similarly. Since 
we have Hs{ab) < /i,,/2(a)/is/2(&) and fis{Sn) = ^-sid) for aU n, we set i = ^ - i 
and obtain 



2<5 



< 2p 

< 2p 

< 2p 



^is{dp '■yds 



fls{Unr{x)y ds 



HsidP '■) ds) \\Unrix)\\ 



lis{dp -Yds] \\x\\q. 



Therefore, we deduce that 



Hm lim„.j^ 



^J's{5n " Unr{x)Y ds]" ^ {) 



The argument to estimate /°° is exactly the same. This completes the proof. □ 
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Remark 5.11. Following a suggestion by G. Pisier let us describe what goes 
'wrong' when considering a family Vn ■ ^ Lp{Mn) of complete embeddings 
into a semifinite von Neumann algebras A^„. Note that by local reflexivity such 
cb-isomorphism exists. Let us consider the following conditions. 

i) There exits a cb-cmbedding of iq into Lp{M) with M semifinite. 

ii) There exists a sequence (A^n)ri>i of semifinite von Neumann algebras and 
linear maps Vn '■ ^ Lp{M^n) such that ||wri||c6||'y,7"'^|icf) < c for all n > 1 
and for every / g L<j(0, 1), the sequence (/„)* determined by 



k=l ^ 



belongs to the semifinite part Lp{Mu,sf) of Jin w Lp{M.n,Tn)- 

iii) There exists a sequence {M.n)n>i of semifinite von Neumann algebras and 
linear maps zi;„ : — ?> Lp{M.n) such that ||w„||c6||w,7"'^||c6 < c for all n > 1 
and there exists a sequence of densities dn € Li{Mn) such that {dn)' 
belongs to the semifinite part of Hn u Li{Mm t„) and 

1 _ i 1 _ 1 

Wn{x) — dn jn,r{x) ~\~ jn,r{x) dn , 

is Rosenthal's factorization [14] for some contractions jn,r '■ Lr{M.n)- 

iv) There exits a cb-cmbedding of Lq{TZo) into Lp{Ai) with Ai semifinite. 

We will show that the conditions above are equivalent. Hence, even though a family 
of complete embeddings Vn ig Lp{M.n) with uniformly controlled constants 
exists, the uniform integrability condition in ii) or iii) is violated. 

Proof. The implication iv) i) is obvious and we have seen in the proof of 
Corollary B above that i) =^ iii), just take the same dn all the time. The proof 
of ii) iii) follows similarly. Indeed, by assumption we obtain a continuous map 
V : Lq{0, 1) — > Lp{A4u,sf)- We apply the noncommtuative Rosenthal theorem [T4] 
and find v{f) — d^^' j{f)+j{f) d?"" for a bounded map j : Lq{0, 1) Lr{Mu,sf) 
and some density d G Li{Mu,sf)- By restricting j to step functions on the intervals 
[^^, «]' have found the complete embeddings w„ from condition iii). For the 
implication iii) ^ iv) we apply the argument from our proof of Corollary B. Indeed, 
it suffices to check that for every self-adjoint x G TZq, the sequence 



Unix) = -^y^^TTkjx) (g)U)„2(4) 
^ k=l 

1 1_1 1_1 



fe=l 



belongs to the semifinite part of Yin u ^pC^o -^n)- Referring to the argument 
after (15.41). it suffices to note that 



1 " 

T^k{x) <^jn'2^r{Sk] 



k=l 
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is uniformly bounded in n for every x G TZ^ ■ The proof is complete. □ 

Acknowledgement. We would like to thank the referee for a careful reading of 
this paper. His/her comments on an earlier version of this paper have led us to 
improve the presentation at several points. 
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